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Abstract. The efficiency of Probabilistic Roadmaps (PRM) depends
on the number of samples in free configuration space and computation
time to connect such samples. Key idea of this approach is to gener-
ate samples with bounding volume expansion and connect free samples
based on geometric characteristics so that straight–line local planner
does not do collision check while it connects a sample to another. This
paper presents a geometric analysis in configuration space with bound-
ing volume expansion and a sampling scheme to generate sample densely
enough. Experiments show that 5–links robot finds a collision–free path
in the environment where some obstacles are placed.

1 Introduction

Probabilistic Roadmaps (PRM) are an effective way to build collision-free path
for the robots of which degree of freedom is high. PRM planner generates samples
(randomly, uniformly, etc) in a robot configuration space and retain samples in
collision–free space. Each sample becomes a node of graph structure. It also
connects a node to its neighbor with collision check, which is done by local
planner (simply, straight–line planner). Finally, it simplifies a path planning
problem to typical graph search [1][2].

It has been proposed by Hsu, Sánchez-Ante, Cheng, and Latombe to dilate
the free space for sampling narrow passages in PRM planning [3]. This method
dilates free configuration space by thinning the geometric shapes of robots or
obstacles and has been proved as efficient way in both running time and memory
usage. Similar method also has been presented by Saha and Latombe – small
step retracion method – to find a narrow passage [4]. The common key factor
of these two method was to make robots and obstacles shrunken to obtain wide
enough free space in configuration.

This paper presents a new idea of finding collision free path by the bounding
volume expansion, which fattens a robot model, to guarantee small margin of free
space with respect to a sample in free configuration. The paper also proposes a
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sampling scheme by using conditional probability with respect to each angle range
in configuration space to generate densely enough samples around a neighbor of
a free sample. In the experiment, 5–links robot tries to find a collision-free path
with PRM, however, no collision check process is performed by a local planner
while it connects a sample to its neighbor.

The organization of this paper is as follows. In section 2, the expansion of
bounding volume and geometric analysis are introduced. In section 3, a sampling
scheme with a conditional probability is presented. In section 4, the paper shows
that experimental results to find a free path with 5-links robot. In section 5,
conclusions and further works are presented.

2 Bounding Volume Expansion and Geometric Analysis

In computer graphics and computational geometry, a bounding volume for a
set of objects is a closed volume that completely contains the union of the ob-
jects in the set [5]. In collision detection between two objects, we can determine
whether these objects collide each other by looking the spatial relationships of
two bounding volumes. If two bounding volumes do not intersect, then the con-
tained objects cannot collide, either.

A good way to understand “How to apply the bounding volume expansion to
sample connection with a local planner?” is to consider the following problem.
Three airbourn rangers were waiting for a jump inside C–130 (a cargo airplane)
to operate a secret mission. Unfortunately, the headquarter reported that their
landing zone was being suspected that the enemy had installed a thousand of
landmines. Therefore, the captain set a plan as follows: First, they threw five
titanium disks, e.g., 10-feet diameter, down to the landing zone. Next, they
would be able to land on the disks. After throwing the disks and several sounds
of explosion, they could see that the disks were placed on the landing zone.
Moreover, some of the disks were folded partially together. Figure 1 depicts an
illustrative example of this situation.

Fig. 1. Airbourn rangers landed on the disks in landmine field



Interestingly, throwing a titanium disk corresponds to generating a sample
with the bounding volume expansion. A sample, which is generated with the
bounding volume expansion, has a marginal free space around itself as well a
ranger could take free move on the disk without stepping on landmines. Also,
on the partially folded two disks, e.g., Disk 1 and Disk 2 in Fig. 1, each ranger
can move toward another disk and do not need to turn on a landmine detector,
even if they do not stand on the ground. This is one of key operations in PRM
planning with bounding volume expansion.

Figure 2 shows that two-links planar arm robot and its configuration space.
A solid line area presents a obstacle in configuration space, and a dashed line
area shows that it is also expanded as we apply the bounding volume expansion.
As remind airbourn ranger example, move inside the disk corresponds to rotate
the angle, θ1 and θ2 within the volume expanded area. Let’s assume that each
link has the same length l . Now, when link1 move toward +∆θ1, link2 can be
placed inside the expanded area by rotation θ2−∆θ1 (and vice versa). If we did
set a radius of r volume expansion, then ∆θ1 can be determined by 2nd cosine
law. Thus, ∆θ1 ' cos−1(2l2−r2

2l2 ). This scenario is presented in Figure 3.
We assumed that each link of the robot has the same length. Now, let’s denote

that θk
i the i th angle of the robot in the k th sample qk . With this notation, let’s

assume that there are two sample points, which are q1 (θ1
1 , θ1

2 ) and q2 (θ2
1 , θ2

2 ),
so q1 (θ1

1 ±∆θ1
1 , θ1

2 ∓∆θ1
1 ) and q2 (θ2

1 ±∆θ2
1 , θ2

2 ∓∆θ2
1 ) are correspoding free

space margin. In Figure 4, we can verify that if a distance between q1 and
q2 , dist(q1 , q2 ), is shorter than dist(q1 , q ′1 ) + dist(q2 , q ′2 ), then their is at least
one point that q̄1 − q̄1 ′ intersects q̄2 − q̄2 ′ or vice versa. Figure 4(a) shows an
illustrative example. Again, let’s remind that there were the partially folded
disks in the airbourn ranger example. The point in the intersection of q̄1 − q̄1 ′

and q̄2 − q̄2 ′ corresponds to the part that two disks meet together. Therefore,
if we denote this intersect point with p12 , we know that q1 → p12 → q2 can be
connected without collision check process.

Figure 4(b) shows 5–links robot for this project. In this case, we know that
if dist(q1 , q2 )≤dist(q1 , q ′1 ) + dist(q2 , q ′2 ), then we can directly connect q1 → q2

Fig. 2. Two-links planar arm robot and its configuration spaces.



Fig. 3. Link1 rotates ∆θ1, link2 rotates θ2−∆θ1. These rotations allow the robot being
placed the inside of expanded area.

via p12 , where q1 (θ1
1 , α1

1 , θ1
2 , α1

2 ), q2 (θ2
1 , α2

1 , θ2
2 , α2

2 ), q1 (θ1
1 ±∆θ1

1 , α1
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1 , θ1
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1 , α1
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1 ),
and q2 (θ2

1 ±∆θ2
1 , α2

1 ±∆α2
1 , θ2

2 ∓∆θ2
1 , α2

2 ∓∆α2
2 ) respectively.

Fig. 4. (a) Direct sample connection via intersect point, (b) 5–links robot with 2–θ
and 2–α rotations.

3 Sample Generation Scheme

In the former section, we verified the condition that two samples in configuration
space can be connected directly via an intersection point. However, it turns out
there are some problems with this method. Since we can connect two samples
without collision checking if and only if dist(q1 , q2 ) ≤ dist(q1 , q ′1 ) + dist(q2 , q ′2 ).



One solution is to generate sample uniformly with a small interval. However, if
the size of interval is 5 in degree, for example, the number of total sample for
5-links robot (since base frame is fixed to the ground, the DOF of this robot is 4)
will be (365/5)4=754 '3.2×107. It is obviously wasteful computation to check
the connectivity of all samples in this case.

Another solution can be to generate sample based on the conditional proba-
bilities of collision samples, given the range of angle a ≤ θij<b and c ≤ αij<d,
where i is the angle of i th link and j is the j th range of this angle. First, we gen-
erate specific amount of samples, e.g., a hundred, then check the probabilities of
collision samples P(collision|a ≤ θij < b) and P(collision|c ≤ αij < d). The co-
efficients – a, b, c, and d – are the start angle and the end angle of each range. For
example, if we determine the angle range of the 1st link to be 36 in degree, then
the given conditions will be 0 ≤ θ11 < 36 , 36 ≤ θ12 < 72 , 72 ≤ θ13 < 108 , and
so on. After generating enough samples, calculate P(collision|θ − rangej ) and
P(collision|α− rangej ), where j = 1 , 2 , 3 , · · · , j .

These conditional probabilities give us very useful information. First, it give
us the approximate distribution of obstacles. Second, if we regard these j–ranges
of each θi and αi as the attribute values that describe the instance of classifica-
tion problem, these value can be used for the näive Bayes classifier to classify a
sample dropped in free configuration space or not. As we know, the näive Bayes
classifier has above 95 percent average when it classifies the known instance (the
performance will decrease when an instance involves unknown attributes) [6][7].
However, let’s put aside the näive Bayes classifier application for now, because
we rather use these conditional probabilities to set the Roulette wheel in Fig. 5.

Fig. 5. 4-Roulette wheels with assigning the conditional probability with respect to
each range



Figure 5 shows the Roulette wheel with assigning P(collision|rangej ) with
respect to θi and αi. It means that the range where has the higher probability
will get more chance to generate a sample in the next time. For example, if
the range 5 is selected by the roulette wheel of θ1, then the next sample will
be generated between 144 and 180 in degree. By this method, we can generate
sample more densely inside a free configuration space. Even though this method
somewhat guarantees that a free configuration will be sampled densely, their
is still posibilities that a sample cannot find its neighbor which is connectible
directly. Unfortunately, we should use normal straight–line planner with collision
check process for this case. Finally, the algorithm to build a roadmaps with the
bounding volume expansion is depicted in Table 1.

Table 1. Probabilistic roadmaps with bounding volume expansion

1: For each vertex and edge in the graph G
Initialize vi and eij

2: Generate samples si

3: Do until the roadmap building is completed
if si ∈ Cfree then
• Add vi to G
• i ← i + 1

4: for each sj ∈ NEIGHBORHOOD(si, G)
if dist(si, sj) ≤ dist(si, s

′
i) + dist(sj , s

′
j)

• CONNECT(si, sj) directly via pij

else
• CONNECT(si, sj) with collision check

Add sj to eij

5: Goto 3

4 Experiments with Five–Links Robot

This experiments were performed by using Crystal Space, 3D game engine, with
five-links robot. The bounding volume expansion and introduced sampling scheme
were applied, when generate samples in configuration.

Sample Generation Table 2 shows that ∆θi and the number of generated
free samples out of 50 samples when we apply r bounding volume expansion.
First, we define type1 and type2 samples as follows: a) type1 is a sample that it
is in collision free space, and is also collision free under the bounding volume
expansion; b) type2 is a sample that it is in collision free space, but is not collision



free under the bounding volume expansion. Figure 6 depicts that the number of
type2 samples increase as a function of r.

Table 2. The number of type1 samples, type2 samples, and ∆θ with respect to different
r bound (out of 50 samples, 4 landmines).

r bound ∆θ free samples type1 type2 Remark

0 0 30 30 0 no expansion
0.0 0 30 30 0
0.2 11 30 26 4
0.4 23 30 25 5
0.6 34 30 19 11
0.8 47 30 13 17
1.0 60 30 0 30 full expansion

Fig. 6. The bigger r generates, the more type2 samples (the purple small circles in the
figure).

Figure 7 shows that the sample generation when we apply RouletteWheel
generation with the given conditional probabilities of each region of θi. Compared
with (a1) to (a2), and (b1) to (b2), We can see that the samples are placed more
densely in free space. In this case, we divided each angles to 4 regions, which are
0∼90, 90∼180, 180∼270, and 270∼360 respectively.



(a1) (a2)

(b1) (b2)

Fig. 7. Samples are generated more densely under the RouletteWheel generation.

PRM planner with the bouding volume expansion. Figure 8 shows that
four successful runs of PRM under the bounding volume expansion. we did set
up r from 0.2 to 0.8 in 0.2 increment, and sample size 100 (it became doublesized
to 200). As we also applied normal straight–line local planner, the most of trials
we can found a goal. The algorithm, in Table 1, returned total number of directly
connected samples after finishing each run. According to the result, we had 5
directly connected samples in this case. When we increased sample size to 200,
the number of directly connected samples also increased to 11. However, the
problem is that this method always doublesizes the number of nodes, because
it has to put a new node, pij whenever it finds two samples that their direct
connection is plausible. Therefore, it took approximately more than a hour to
connect the nodes in a graph when we applied this method with 1000 samples.

5 Conclusions and Further Works

This paper presented the probabilistic roadmaps with the bounding volume ex-
pansion. Five–links robots were used to verify that we can connect the samples
directly if and only if q2 , dist(q1 , q2 ) ≤ dist(q1 , q ′1 ) + dist(q2 , q ′2 ). Also, we in-
troduced the sample generation scheme to generate samples densely enough by
using a conditional probabilities of the range of each angle. The experimental
results from the application of the bounding volume expansion were presented.

This method can be a new way to reduce a time complexity and innovate
the performance of PRM. The advantage is that we can connect most of sam-



Fig. 8. Successful runs under the bounding volume expansion. We can also see that
type2 samples increase as r becomes from 0.2 to 0.8

ples without collision checking, when we generate sample closely to its neighbor.
However, if we apply the bounding volume expansion, the probability of gener-
ating samples in narrow passage is extremely low. Therefore, we need to clarify
the problem of accessing a narrow passages. Another problem is that two config-
urations are connected via the intersect point, pij , under the bounding volume
expansion. We can know intuitively that adding up pij doublesizes the num-
ber of node in roadmap approximately. Also, it is hard to find appropriate pij

when the maximum number of samples are small (e.g. less than 100). From the
experiment, at least 200 hundred samples (approximately 400 when there are
double sized) are required. Therefore, specially defined data structure should be
developed to clear these problems.

For the future research, first, we need to apply this method to more complex
robots, e.g., 7-links robot or more. Second, the robot simulation code desires to
be improved so that the program routine has a succinct structure for the future
application. Third, machine learning techniques should be applied so that robots
can connect such a sample to its neighbor based on the hypothesis what they
learnt. Finally, the total system needs to be refined to obtain better results.
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