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ABSTRACT
Information-feedba k

ontrol s hemes (more spe i ally, sensor-based

ontrol s hemes)

sele t an a tion at ea h stage based on the sensory data provided at that stage. Sin e it
is impossible to know future sensor readings in advan e, predi ting the future behavior
of a system be omes ne essary.
probabilisti

Hyperltering is a sequential method that enables

evaluation of future system performan e in the fa e of this un ertainty.

Rather than evaluating individual sample paths or relying on point estimates of state,
hyperltering maintains at ea h stage an approximation of the full probability density
fun tion over the belief spa e (i.e., the spa e of possible posterior densities for the state
estimate).
Hyperltering has potential appli ations ranging from simulating a poli y to garner
insight on its performan e, to being used to aid in generating nearly optimal

ontrol

poli ies. In many problems, the poli y is given for a system for whi h the performan e
is to be analyzed.
optimal poli ies.

In other problems poli y sear h is used as a tool to nd nearly
Hyperltering

an be used in su h

ases to simulate the ee t of

poli ies to determine their performan e and, when optimizing, sele ting the poli y that
performs best. Moreover, as a representation of all future un ertainty at a given stage,
hyperltering may be used to evaluate the ability of the information spa e to be utilized
to a hieve a given obje tive.
To alleviate the inherent di ulty of generating the exa t hyperlter, espe ially for
dis rete state and observation spa e problems, the hyper-parti le ltering algorithm
is presented.

The hyper-parti le lter is built on the

on ept of the parti le lter.

However, the hyper-parti le lter evolves a system forward one future stage to the next

ii

for unknown observations and una tualized

ontrols, unlike the parti le lter, whi h

evolves the system from a previous stage to the

urrent stage for an a tualized

ontrol

and observation.
Numerous simulations of the hyper-parti le ltering approximation method are performed and presented, demonstrating the performan e of the method over a variety
of parameters. The results indi ate that the method

onverges qui kly, in both mean

and standard deviation, as the number of samples representing the probability fun tion
over the belief spa e in reases.

It appears that very few hyper-parti les are needed,

relative to the number of observations and iterations, to a hieve an a
of the system.
being

O(Kqn),

Additionally, the simulations verify the
where

K,

is the desired time horizon,

n

omputational

iii

omplexity as

is the number of samples rep-

resenting the probability fun tion over the belief spa e, and
representing the approximated belief.

urate analysis

q

is the number of samples
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1 INTRODUCTION
As the eld of roboti s developed in the 1980s, it bran hed from the studying the physi al des ription of systems (via kinemati s, inverse-kinemati s, and dynami al des riptions; e.g., [13℄) to that of automated systems. Automation endows physi al systems
with the

apability to per eive their environment and reason about their own a tions

(e.g., [27℄). Soon after, it be ame apparent that un ertainty would be a fundamental
barrier to the ee tive operation of autonomous robot systems.
There are essentially three kinds of un ertainty that ai t a robot:

un ertainty

in representation of the robot's environment, un ertainty in the robot's knowledge of
its own state, and un ertainty in the ee ts of the robot's a tions. These sour es of
un ertainty are parti ularly relevant when the robot attempts to do the following

•

Estimate its

•

Constru t a representation of its environment  Mapping

•

Constru t a map, and lo alize itself in the map  Simultaneous Lo alization and

urrent state  State Estimation or Lo alization

Mapping (SLAM)

•

Determine the best a tion or sequen e of a tions  Control or Planning

One of the most resear hed areas for systems subje t to un ertainty is the lo alization problem. Early work fo used on just passive lo alization. Within the roboti s
ommunity many approa hes to passive lo alization were developed for both deterministi

and nondeterministi

un ertainty in luding [812℄. Realizing the inuen e a tions

1

may have on lo alization, passive lo alization inspired a tive lo alization, wherein motion strategies are

hosen to better lo alize the robot [1317℄

While signi ant resear h was being performed in the area of lo alization, several
resear hers realized the assumption of a known environment was unreasonable in many
ases. The importan e of both mapping and SLAM be ame apparent and work began
on these more

ompli ated problems. Early work (e.g., [1821℄) was based on a linear

Gaussian assumption.

An explosion of resear h on SLAM began in the late 1990s

(e.g., [2231℄). Many of these methods fo us on nding more e ient implementations
assuming linear Gaussian systems and using Kalman (or Kalman-like) ltering or the
extended Kalman lter.
For appli ations like lo alization and SLAM, as well as others, resear hers were often
on erned with feasibility and optimality in the fa e of un ertainty. Well before roboti s
be ame

on erned with un ertainty, resear hers in

had already begun investigating its ee ts.
regulation of linear quadrati

ontrol theory and

ommuni ations

Some of the early work pertained to the

systems subje t to Gaussian noise (as outlined in [32℄).

Analysis of these systems was qui kly expanded to both dis rete and

ontinuous time

systems subje t to bilinear noise (e.g., [3343℄).
One weakness of su h
onstrained spa e.

ontrol theoreti

approa hes was the assumption of an un-

Constraints, either workspa e,

spa e, are typi al in most roboti

appli ations. As su h, roboti

analysis of un ertain systems with these
earliest roboti s resear h to

onguration, semanti , or state

onstraints in mind.

resear hers approa hed
Not surprisingly, the

onsider un ertainty was done in AI labs using symboli

onstraint manipulation te hniques originally developed for manipulating systems with
onstrained variables (e.g., [44, 45℄) to evaluate the ee tiveness of robot plans under
worst

ase s enarios (e.g., [46, 47℄). Within a short time, a number of additional tools

were introdu ed to

ope with un ertainty in a robot's representation of its own state

in luding probabilisti

methods, su h as the Kalman lter (e.g., [18, 4850℄) and geo-

2

metri

methods based on bounded un ertainties (e.g., [5155℄). These tools brought to

bear the power of sensing by expli itly dening models for the un ertainty in sensor
data and by developing pro ess models that quantied the ee ts on un ertainty in the
robot's a tions. Most re ently, Bayesian methods have been fused with

omputational

tools su h as parti le lters (e.g., [5667℄) to provide a general framework for dealing
with un ertainty in a wide range of roboti s appli ations.
Ultimately, ea h of the above approa hes attempts to answer the question of how
to predi t the ee t of un ertainty on the future behavior of a sto hasti

system. To

address this question the hyperltering method is introdu ed. Hyperltering is a forward sequential te hnique, whereby the predi ted behavior and its un ertainty at one
stage is used to evaluate the predi ted behavior and its un ertainty at the next stage.
In this way the predi ted behavior and its un ertainty are propagated between stages.
Current methods either perform sample path simulation (as used in [6875℄), whereby
a series of sample paths are generated and the ensemble average is taken to estimate
the behavior, or the observation pro ess is dis arded entirely as in [7678℄.

In su h

approa hes, the behavior of the system is predi ted without taking the ee t of observations into

onsideration. Alternatively, the behavior is just predi ted one stage into

the future using forward proje tion te hniques (refer to [79℄). None of these te hniques
are adequate, espe ially when attempting to fully evaluate, for more than one stage
into the future, how the robot behaves from one future stage to the next.
situations the observations
system. When

an have a dramati

In su h

impa t on the evolution on a roboti

onsidering information-feedba k poli ies, observations play a dire t role

in determining applied a tions. Moreover, the observation itself molds the probability
fun tion over the state spa e. It is therefore
observations be

onsidered.

riti al that the full ee t of the future

Hyper-parti le ltering has been developed to not only

predi t the behavior of a system but also to be used in the planning pro ess.

3

Hyperltering is a te hnique melding the

on ept of forward proje tion with the

on-

ept of ltering. Filtering propagates the behavior of the system and its un ertainty to

urrent stage

the

for some known observations. Forward proje tion, on the other hand,

propagates the predi ted behavior of a system and its un ertainty forward from the
urrent stage to the next
observed sto hasti

future stage.

Unfortunately, forward proje tion for partially

systems for more than the next stage has not been well dened.

This limitation is over ome by the formulation of the hyperlter and the hyper-parti le
lter approximation method.
By maintaining a

omplete representation of the behavior from one stage to the

next, hyperltering has the

apability to evaluate the

omplete ee t of a poli y from

one stage to the next, an ability sample path simulation la ks. Su h fun tionality may
prove useful in generating poli ies as the ee t on the performan e from one stage to the
next

an be expli itly evaluated using hyperltering. Hyperltering may be parti ularly

useful when utilizing lo al planners to determine event-driven

ontrol poli ies. In su h

s enarios, the ee t of a poli y is evaluated at ea h stage to determine if the poli y
su

eeds and, thus, hyperltering

an used to verify whether the poli y is

apable of

dire ting the robot to trigger one event from another.

.

The hyperltering method will be introdu ed in Chapter 4
ground

However, rst the ba k-

on epts relating to hyperltering and the potential appli ations are outlined

in Chapter 2. Filtering, in the traditional sense, will be reviewed in Chapter 3 to build
the basis for the hyperltering method. Be ause of burdens su h as the exa t evaluation of the hyperlter at ea h stage and its

omputation

omplexity (or worst

ase

running time), the hyper-parti le lter, a hyperltering approximation method, is also
introdu ed in Chapter 4. Examples of the hyper-parti le lter will be demonstrated in
Chapter 5. The do ument will then

on lude with some nal remarks and

in Chapter 6.

4

omments

2 BACKGROUND
To aid in the development of the formulation and explanation of the

on ept of hyperl-

tering, relevant ba kground material will be presented before hyperltering is formally
introdu ed in Chapter 4. Hyperltering is a method for representing the ee t of un ertainty in roboti

systems. Un ertainty is present in many real-world roboti

from motion noise to sensor noise, and the presen e of these un ertainties
motion and sensing of many real-world roboti
and

onsidering roboti

systems as sto hasti

systems,

an plague the

systems. By modeling the un ertainty
pro esses, it is possible to better design

and simulate the evolution of these systems in an attempt to understand, alleviate,
and/or anti ipate the ee t of noise in su h systems. First, the probabilisti

formula-

tion of the un ertainty in the pro ess and sensing model will be presented in Se tion
2.1 followed by the des ription of the spe i

lass of system of interest in Se tion 2.2.

2.1 Probabilisti Des ription
Consider a system modeled as a sto hasti
given stage

X

is represented by the random variable (r.v.)

xk ∈ X ,

where the nite set

is the state spa e of the system. The system evolution from stage

stage

U

k

pro ess so that the state of a robot at a

k

is inuen ed by a

is a nite set of possible

the

urrent stage

p(xk |xk−1 , uk−1)

k

ontrol input, or a tion,

uk−1 ∈ U,

k−1

where the

to the next

ontrol spa e

ontrols. The probability of the system being in state

given the previous state

and is referred to as the

xk−1

and applied a tion

uk−1

transition probability fun tion.

5

xk

at

is given by

Oftentimes the state of a roboti system is not dire tly known, or knowable, therefore
sensing is performed to to eli it information that may indire tly pertain to the state of
the system. Sensors are used to make an observation in su h
subje t to sto hasti

noise, so that

yk ∈ Y

at stage

spa e. The probability of a given observation

xk

an be evaluated via the

yk

o

k

ases. The observation is

is a r.v., with

Y

the observation

urring given the system is in state

observation probability fun tion : p(yk |xk ).

annot be uniquely re overed from the observation

yk ,

Sin e the state

su h systems are referred to as

partially observable.
One inherent property of pro esses dened with the transition probability fun tion
and observation probability fun tion, as given above, is that these systems are Markovian. A sequen e of r.v.'s is Markovian when the next stage depends only on the

urrent

state and not on the past.

Denition 2.1. A sequen e of random variables x1 , x2 , · · · , xn dened over the sample

spa e X is a Markov pro ess if

p(xk |x1 , x2 , · · · , xk−1 ) = p(xk |xk−1 ), ∀k and ∀xk , xk−1 ∈ X .
A Markov pro ess may be

= p(xk |A, x1 , x2 , · · · , xk−1 )
xk−1

and

hain

A.

if

onditioned on other variables. For instan e

xk

is independent of

when

onditioned on

Note that a dis rete time Markov pro ess is referred to as a

(MC). The attention of this resear h will be restri ted to a spe i

Markov Chains: those that are
MC implies that

time-invariant

roboti s.

By

or

pxk+1 |xk (x|xk ) = pxk |xk−1 (x|xk−1 ),

MCs represent the bulk of the sto hasti

voked.

xk−2 , · · · , x1 ,

p(xk |A, xk−1 )

time-homogeneous.
for all

xk = xk−1

sub lass of

A time-invariant

and for all

k.

systems of interest within the eld of

hoosing a state spa e representation, the Markov property

This is the

Markov

an be in-

ase for the transition probability fun tion and the observation

probability fun tion as dened above. As

an be seen from the denition of these fun -

6

Figure 2.1: Dependen y graph of a partially observed system dened by the observation
probability fun tion and the transition probability fun tion

tions (and further illustrated by Figure 2.1), the probability fun tion over the state
for the

urrent stage depends only on the

ontrol and the state of the previous stage,

while the probability fun tion over the observations depend only on the

urrent state.

Fortunately, Markov pro esses have many desirable properties that will be taken advantage of when deriving the hyperlter and the hyper-parti le ltering approximation
te hnique in Chapter 4.
As a system evolves from one stage to the next, it generates a sequen e of r.v.'s

{xk }K
k=1 .

Be ause the state is only indire tly observed through the observations, the

system state is expressed as a probability fun tion

onditioned on the set of observations

and past a tions.

Denition 2.2. The information state, Ik , at time k is the set of known information
from the initial stage up to stage k. More pre isely,
Ik = {y1 , u1 , y2 , u2, y3 , · · · , uk−1, yk } ,

7

where u1 , · · · , uk−1 are the sequen ed set of a tions exe uted up to time k, and y1 , . . . , yk

are the sequen ed set of observations made. The total information known up to time k
is thus en apsulated in the information state.
The

information spa e Ik

is the set of all possible information states at time

initial probability fun tion over the state, as represented by

k.

The

px1 , is assumed to be given.

This is ne essary as ltering propagates the probability from one stage to the next and,
therefore, the initial probability fun tion must be given.
At every stage

k , pxk |Ik

the information state
represent this
belief

Ik .

is is the

onditional probability fun tion for the state given

As a notational devi e, the

on ept of a

onditional probability fun tion. Relying on

belief

is used to

R+ = {x ∈ R|x ≥ 0},

the

an be dene as follows:

Denition 2.3. The belief bk at stage k is fun tion su h that bk : X → R+ , whereby
bk , pxk |Ik .

(2.1)

This notation is pervasive in the literature (refer to [79℄) and is adopted be ause,
later in Chapter 4, the formulation of the hyperlter will be made more

lear by using

this notation be ause the hyperlter is a fun tional (a fun tional's domain is a spa e of
fun tions) of the belief.
The

belief spa e Pb

is the set of all possible beliefs for a given system. For dis rete

state spa e systems, where the belief state has
represented by a

|X | − 1

dimensional simplex

|X |

states, the belief spa e

∆|X |−1 .

Denition 2.4. An n-simplex is a subset of Rn+1 given by
n+1
X

∆n = {(x1 , x2 , . . . , xn+1 ) :

i=1

8

xi = 1 and xi ≥ 0 ∀i}.

an be

Figure 2.2: The 2-simplex

Table 2.1: Types of sto hasti

An
angle.

n -simplex

systems

Un ontrolled

Controlled

Dire tly Observable

MC

MDP

Partially Observable

HMM

POMDP

is essentially a polytope that is an

The 2-simplex is illustrated in Figure 2.2.

n -dimensional

analogue of a tri-

The belief, being the

onditional

probability fun tion over the state spa e given the information state, is a representation
of the un ertainty of the state of the system. Finding the belief, or an approximation
of the belief, at every stage is the fo us of most ltering methods (e.g., [48, 8087℄).
By evaluating the belief at ea h stage as observations o

ur, ltering determines the

behavior of the system as it evolves from the rst stage to the

urrent stage. However,

ltering is applied as observations are re eived; ltering is not a method to predi t the
behavior into future stages for unknown observations.
There exist a number of possible types of Markov models depending on whether
or not the system is fully observable or partially observable and whether the system
has

ontrol inputs. The taxonomy of sto hasti

.

systems is as des ribed in Table 2.1

The un ontrolled and fully observed pro esses are referred to generi ally as Markov
Chains. However, partially observed un ontrolled Markov pro esses are known as hidden Markov models (HMM). Markov de ision pro esses (MDPs), or

ontrolled Markov

hains, des ribe Markov pro esses where the state is fully observable and the pro ess
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has

ontrol inputs. For MDP systems the state is immediately known at the beginning

of ea h stage and only the probability fun tion that des ribes the evolution from one
state to the next for a given
Markov pro esses with

ontrol is needed to des ribe the evolution of the system.

ontrol inputs where the state is only partially observable are

ommonly referred to as partially observable Markov de ision pro esses (POMDP). All
the various types of Markov pro esses

an be derived as spe ial

ases of the most general

model: the POMDP, whi h is the model of interest of this resear h.

2.2 POMDPs
2.2.1 POMDP formulation
As the most general model, POMDPs in orporate the possibility of in omplete and unertain knowledge when mapping states to observations. Su h a representation enables
the modeling and analysis of systems where sensing is limited and imperfe t.
POMDPs in lude at least the following

omponents:

•

The state spa e representing the nite set of states of the world:

•

The nite set of

•

The transition probability fun tion:

ontrol a tions that

an be exe uted:

pxk |xk−1 ,uk−1 .

X.

U.

This represents the likelihood

of the system being in one state and transferring into another state at stage
given the applied a tion at stage

•

k

k − 1.

The set of all possible observations:

Y.

The observations represent the information

re eived by the sensors.

•

The observation probability fun tion:

pyk |xk .

The observation probability fun tion

represents the likelihood of a parti ular observation o
in a spe ied state.
10

urring given the system is

In addition, a POMDP may be spe ied with a reward fun tion

r(·),

whi h denes the

obje tive to be optimized for the POMDP.
Understanding the evolution of POMDP systems requires a
of applied a tions. The

ontrol poli y or a set

ontrol poli y essentially is the fun tion that dire ts the motion

of the robot. Evaluating the behavior is the subje t of ltering methods. For sequential
sto hasti

systems, ltering refers to the pro ess where the probability fun tion over

the state is estimated at ea h stage. By evaluating the probability fun tion from one
stage to the next, the likelihood of a state is determined while at the same time the
unlikely states are "ltered" out. Filtering will be dis ussed in more detail in Chapter
3. While the work presented does not spe i ally deal with planning, a

ontrol poli y

is needed to evolve the system forward into future stages, whi h is the primary goal
of the hyperlter.

A brief introdu tion to the determination of

an outline of various methods to determine

ontrol poli ies and

ontrol poli ies is therefore given below in

Se tion 2.2.2.

2.2.2 Control poli ies for POMDPs
Ultimately, the goal of mu h of roboti s resear h is to engineer autonomous or nearly
autonomous systems. Within the

ontext roboti s,

of autonomy omes to fruition via the

ontrol poli y

ontrol theory, and AI this

π(·).

A

ontrol a tions. If the ontrol poli y depends only on time, or
to as

open-loop poli y.

Alternately, a

on ept

ontrol poli y maps input to

π : {i}K
1 → U , it is referred

losed-loop/feedba k poli y takes information

a quired as the system evolves, su h as an estimate of the state, the previously applied
a tions, and so forth when determining whi h

ontrol a tion to apply. When the

poli y takes as input the entire information state, or
an

information-feedba k poli y.
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π : Ik → U ,

ontrol

it is referred to as

In fa t, the belief

bk

is a su ient statisti

in [88℄ (and subsequently in [32℄). The belief
poli ies that depend on

bk

are as

depend on the information state.

bk

for the information state as shown
is a su ient statisti

in that

ontrol

apable of obtaining the same solution as those that
Most optimization te hniques rely dire tly on

be ause it en apsulates the information state and has a nite and

bk

onstant dimensional

representation, whereas the dimension of information state grows at ea h stage. Be ause
of the ability to sequentially evaluate the belief,
the previous stage, the

bk ,

for the

urrent stage given

on ept of the belief ts naturally into a dynami

bk−1

of

programming

(DP) framework (see [32℄ for an in-depth dis ussion about DP).
Finding a

ontrol poli y is often a di ult task when attempting to a hieve a spe i

obje tive. There are two types of obje tives: feasibility and optimality. A feasibilitybased obje tive is a binary fun tion that spe ies whether or not a given goal has been
satised, su h as when the robot has rea hed some spe ied lo ation or region in the
state spa e.

An optimality-based obje tive quanties the quality of a solution.

For

systems with feasibility-based obje tives, any poli ies that satisfy the feasibility-based
obje tive fun tions are a

eptable, whereas only the optimal poli ies are desired for

systems with optimality-based obje tives.
Methods to solve systems with feasibility-based obje tives are often te hniques where
the

ontrol poli y is given and the method evaluates the

whether or not it satises the obje tive. In other methods, a

ontrol poli y to determine
ontrol poli y is generated

via an exploratory te hnique by sear hing a subset of the possibilities. The subset of
possibilities may

omprise a subset of the

ontrol poli ies or a subset of intermediate

goal states that the poli ies attempt to rea h. In su h s enarios, the poli y is alternately
modied and evaluated until the obje tive is met. Feasibility-based methods are rarely
pointwise methods. Pointwise methods require that a
determined for every point in the spa e.
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ontrol poli y be evaluated and

The two dominant methods for nding poli ies asso iated with optimality-based
methods are value iteration, a DP approa h, and poli y iteration. Both of these te hniques are pointwise te hniques that evaluate over the entire set of possibilities. Value
iteration operates ba kwards from the terminal time to the initial time. At ea h stage
value iteration nds the optimal poli y from the

urrent stage to the next stage. This

repeats until the initial stage is rea hed and the optimal solution is found. Poli y iteration, on the other hand, operates by starting with an initial poli y. Then at ea h
iteration the method sear hes for any

hange to the poli y from the previous iteration

that improves the performan e. Be ause both MDPs and POMDPs have only a nite
number of poli ies, poli y iteration will terminate after a nite amount of time.
Finding the optimal solution for MDPs is
with a nite number of states and

K

omputationally reasonable for systems

ontrol a tions; the solution is

O(K|U||X |2),

where

is the number of stages to be evaluated. The number of stages to be evaluated is

typi ally referred to as the
tional time

time horizon.

Innite horizon problems have a

omputa-

omplexity that generally polynomial in the desired error, number of states,

and number of a tions for innite horizon problems [89, 90℄. Partially observable systems, on the other hand, do not fare so well; they are intra table, with a best known
omputational time

omplexity that is exponential in both the time horizon and the

number of observations [91℄. However, nding the optimal poli y for partially observed
systems is desired for many real-world problems. Thus, many resear hers have fo used
on nding e ient methods to solve POMDP models.
The typi al obje tive is to nd the optimal poli y that maximizes the expe ted
sum of rewards.
POMDP

Without any spe ial stru ture, nding the optimal solution for a

an be impra ti al, if not impossible,

onsidering that the obje tive fun tion

an be a nonlinear fun tion of the belief spa e. Fortunately, Smallwood and Sondik [92℄
established that POMDPs have a spe ial stru ture when the

ost is the expe ted sum

of rewards; still, POMDPS are intra table even with this spe ial stru ture.
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The majority of work relating to POMDPs maximizes the expe ted sum of rewards
for two

lasses of problems: nite time horizon and dis ounted innite time horizon.

The formulation for the dis ounted innite time problem in ludes a stri t dis ount fa tor
applied at ea h stage that redu es the ee t of the future

ost on the system. Be ause of

stri t dis ounting, it is possible to establish a bound on the the approximation error for
a given time horizon [91℄. Many te hniques were developed to nd more e ient exa t
solutions to the POMDP problem, su h as [91, 9398℄.

However, sin e ea h of these

te hniques are intra table, many resear hers turned their fo us to nding approximate
solutions.
Approximation te hniques
of the terms,

an fo us on redu ing the

ausing the exponential growth in

omplexity in one or both

omputational time

omplexity: the

dimension of the belief spa e and the length of the time horizon. Most approximation
methods fo us on the redu tion of the
belief state,

bk .

omplexity arising from the dimension of the

One area of resear h attempts to mitigate the ee t of the belief state

dimension by fa torizing the system as done in [68,69,99℄. As done in [73,100℄, the belief
spa e

an be ompressed into a representative subspa e. Another

lass of approximation

methods fo uses on sampling the rea hable beliefs and limiting the
representation in

omplexity of the

ost at ea h stage (e.g., [7072, 74, 75, 101℄). The methods des ribed in

[100, 102105℄ simplify the problem by representing the poli y as a nite state ma hine.
The problem may also be simplied through the use of limited information, su h as is
explored in [106℄.
Ea h of these approximation te hniques has at least one thing in

ommon: the set

possibilities that are evaluated is a subset of the omplete set of possibilities that must be
analyzed to nd an exa t solution. This is the

ase whether a limited subset of sample

beliefs are evaluated or a limited subset of poli ies are sear hed.

In su h situations,

hyperltering may oer a tangible benet in predi ting the evolution of the system for
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approa hes where lo al poli ies are used to plan between the sets of possibilities. This
will be dis ussed more thoroughly in Chapter 6.
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3 STOCHASTIC FILTERING
For systems subje t to un ertainty,

ltering

des ribes the pro ess whereby an estimate

of the state and its un ertainty are propagated from one stage to the next. Filtering is
a sequential or re ursive method whereby an estimate from the previous stage is used to
determine an estimate for the

urrent stage.

Hyperltering

is also a sequential method,

but, while ltering evolves an estimate of the state and its un ertainty from previous
stages to the

urrent stage, hyperltering propagates the un ertainty and estimate of

a system forward into future stages.

The

on ept of ltering is presented as well as

the relevant ba kground material needed to motivate the development of hyperltering.
Filtering is formulated in Se tion 3.1 and is followed, in Se tion 3.2, by a taxonomy of
ltering approximation methods. The parti le lter, the approximation te hnique on
whi h the hyper-parti le lter is based is presented in Se tion 3.3.

3.1 Formulation
Filtering

is a general term for pro essing sequential systems that are either

ausal or

non ausal, whereby the likelihood of the system being in a parti ular state is estimated
or "ltered" from one stage to the next. In this way the unlikely states are "ltered"
out.

For sto hasti

systems, ltering refers to a sequential te hnique that generates

an estimate of the state and un ertainty from one stage to the next.

Conveniently,

ltering minimizes the amount of information that must be retained from previous
stages be ause only the previous stage is used to estimate the

urrent stage. Having

an estimate of the state and a representation of the un ertainty from one stage to the
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next is immensely useful in nding and implementing robust and even optimal

ontrol

poli ies.
When dealing with partially observable systems, a onstru t is needed to en apsulate
the known information. Unfortunately, the state is only indire tly known through the
information state

Ik .

The

information state

is an a

umulation of all of the information

about a system that is dire tly known. This in ludes the set of a tions performed and
the set of observations

olle ted up to time

k.

The question is how to in orporate all of

the information into an estimate of the state of the system and its un ertainty. While
some ltering methods take advantage of

ertain properties of r.v.'s, the essential nature

of ltering Markovian systems is best des ribed by the pre ise method known as the
Bayesian lter.

3.1.1 Bayesian lter
Be ause of Markov properties, Bayes rule

an be applied to perform sequential ltering.

This method, known as Bayesian ltering was rst introdu ed in [88℄. Bayesian ltering

k

from the previous belief at stage

k − 1.

estimates the belief at the

urrent stage

The evolution of the belief

an be split into two stages: predi tion and update. The

predi tion stage takes the previous belief,

pxk−1 |Ik−1 , and pushes it through the transition

probability fun tion to obtain the predi ted

urrent belief,

pxk |Ik−1 ,uk .

The predi tion

step evaluates the ee t of an a tion on the belief of the system. This is a hieved by
simply marginalizing

p(xk |Ik−1, uk−1)

p(xk |Ik−1 , uk−1) =
=

X

xk−1 ∈X

X

xk−1 ∈X

on

xk−1 ,

whi h be omes

p(xk |xk−1, Ik−1 , uk−1)p(xk−1 |Ik−1 , uk−1)

(3.1)

p(xk |xk−1, uk−1 )p(xk−1 |Ik−1).

(3.2)
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In (3.1) the

urrent belief is marginalized on

is independent of

Ik−1

the previous belief is

p(xk−1 |Ik−1 )

given

xk−1 .

xk−1 .

The transition probability fun tion

Therefore, (3.1) redu es to (3.2). Likewise, be ause

onditionally independent of

as shown in (3.2). The

uk−1, p(xk−1 |Ik−1 , uk−1)

be omes

urrent belief is now represented in terms of the

previous belief and the transition probability fun tion.
After the predi tion stage, the update stage is exe uted. The update stage in orporates an observation to

ondition the belief on new information to generate

pxk |Ik .

After applying Bayes rule, the system of interest be omes

p(xk |Ik ) = p(xk |yk , Ik−1, uk−1)
=

(3.3)

p(yk |xk , Ik−1 , uk−1)p(xk |Ik−1 , uk−1)
p(yk |Ik−1, uk−1)

(3.4)

= ηk p(yk |xk )p(xk |Ik−1 , uk−1)
ηk

where

is the normalizing

(3.5)

onstant

X
1
=
p(yk |xk )p(xk |Ik−1 , uk−1).
ηk x ∈X

(3.6)

k

In (3.3),

p(xk |Ik ) is rewritten so that the yk

and

uk−1

in (3.4), Bayes rule is applied so that the probability of
probability of

yk

is independent of other terms when

terms are eliminated in (3.5). Also in (3.5),
that

are pulled out of

yk

is

an be determined as the sum of the probability of

yk

As shown

onditioned on

onditioned on

p(yk |uk−1, Ik−1)

Ik .

xk ,

xk .

The

thus the other

is a normalizing

onstant

over all possible

xk

as is

shown in (3.6).
By

ombining both the predi tion (3.2) and update (3.5), the Bayesian lter is

obtained:

p(xk |Ik ) = ηk p(yk |xk )

X

xk−1 ∈X

p(xk |xk−1 , uk−1)p(xk−1 |Ik−1),
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(3.7)

ηk

where

is as dened by (3.6). From (3.7), it is shown that

dire tly from

pxk−1 |Ik−1

uk−1

and

only the belief and a tion at stage
apparent that the Bayesian lter

applied to

an be evaluated

using both the transition and observation probability

fun tions. Likewise, if Bayes rule is applied to

indu tive step is

pxk |Ik

k − 2.

pxk−1 |Ik−1 , the belief at stage k−1 requires

By

ontinuing to expand (3.7), it be omes

an be re ursively applied up to the initial belief. This

ru ial in understanding that the Bayesian lter

ontinuously evaluate the

an be sequentially

urrent belief given the previous belief.

Interestingly, by analyzing ltering from the belief perspe tive, the problem redu es
to a deterministi
stage

k

fun tion that transitions one belief into another. Thus, the belief at

an be determined from the belief at stage

k − 1.

Denition 3.1. The belief transition fun tion B(·), where B : Pb × U × Y → Pb , trans-

fers one belief bk−1 into another bk given some parti ular a tion uk−1 and observation
yk ,

or

bk = B(bk−1 , uk−1, yk ),
where, with

xk (i) ∈ X for i = 1, . . . , |X | representing the set of states,







B(bk−1 , uk−1, yk ) , 




P
ηk p(yk |xk (1)) xk−1 ∈X p(x(1)|xk−1 , uk−1)bk−1 (xk−1 )
P
ηk p(yk |xk (2)) xk−1 ∈X p(xk (2)|xk−1 , uk−1)bk−1 (xk−1 )

..
.

ηk p(yk |xk (|X |))

and
X
1
=
ηk x ∈X
k

X

xk−1 ∈X

P

xk−1 ∈X

p(xk (|X |)|xk−1, uk−1)bk−1 (xk−1 )











p(yk |xk )p(xk |xk−1 , uk−1)bk−1 (xk−1 ).

The Bayesian ltering des ription derived above was for dis rete spa e systems. The
ontinuous state analog is generated by repla ing the summations with integrals. Many
roboti

systems evolve over

ontinuous spa es. The di ulty with extending from dis19

rete to

ontinuous spa es is the la k of

losed form solutions to the integral equivalent

of (3.2). It be omes ne essary to nd tra table approximations to the Bayesian lter
to pro eed. Fortunately, there exist a plethora of te hniques fo used on approximating
the Bayesian lter for both

ontinuous and dis rete systems.

3.2 Filtering Approximation Methods
Most general ltering problems have no known analyti al solution or an una
running time, also known as

omputational time

eptable

omplexity. Be ause of inherent dif-

 ulties in ltering for general systems, approximation methods are typi ally the only
feasible
time

hoi e. For dis rete systems di ulties arise from the

O(|X |2 )

omplexity in the evolution from one stage to the next, where

of states. This means the worst

is the number

ase running time grows quadrati ally in the size of the

state spa e. Often for realisti systems, there
this quantity

|X |

omputational

an be millions of states, and the square of

an make the exa t derivation of the next belief state prohibitively expen-

sive. Redu ing the running time to linear or sublinear

omputational time

omplexity

is often desired for su h systems.
While

omputational time

omplexity

it is more often the la k of a known

an be an issue with

ontinuous time systems,

losed form solution that makes approximation

te hniques ne essary. As an ex eption, the Kalman lter (KF) [48℄, the most popular
method for

ontinuous state systems, is an exa t lter for linear Gaussian systems.

Taking advantage of the property that a random variable that is the superposition of
jointly Gaussian random variables is itself a Gaussian random variable, Kalman derived
a formulation to evolve the mean and

ovarian e des ribing the probability fun tion.

This method's popularity holds even to this day.
The extended Kalman lter (EKF) was developed in an attempt to expand the
KF method to general nonlinear systems [80℄. The EKF linearizes the system around
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the

urrent estimate and then applies the KF on the linearized system to update the

estimated parameters. The EKF has be ome espe ially popular in SLAM appli ations.
Numerous alternative methods, based dire tly on Bayesian ltering, have been developed.

To expand past the Gaussian limitation of the KF, the Gaussian mixture

method [81℄ was developed for linear systems subje t to non-Gaussian noise. The mixture method works by approximating a non-Gaussian probability fun tion by a sum
of Gaussian probability fun tions. A major drawba k to this method is the possible
exponential growth, in the time horizon, of the number of Gaussians representing the
belief.
Resear hers in [82℄ ta kle the problem of nonlinear Gaussian systems with the uns ented lter. The uns ented lter samples a Gaussian to estimate the belief and then
passes the samples through the transition probability fun tion.

On e

ompleted, a

new Gaussian probability fun tion is generated to t the newly evolved samples. Settheoreti

methods are used to lter systems when no model besides the support of the

noise is known. These systems are evaluated using forward proje tion te hniques [107℄.
The approa h of Hanebe k [83℄ and Stump et al. [84℄ is to employ sequential ellipti al
approximations to evaluate the un ertainty sets.
While some resear h has o

urred for the

lass of problems listed above, the majority

of work has fo used on solutions to general nonlinear, non-Gaussian systems. The vast
majority of this work has been for parametrized family solutions, in luding [8587, 108℄.
Several resear hers have resear hed mixture methods for parametrized families (e.g.,
[109, 110℄) that meld the parametrized solution with the Gaussian mixture method.
More re ently, sampling-based methods have be ome popular. Sampling methods
take a

omputational approa h to solving the ltering problem, whereby at ea h stage a

nite set of points is used to evaluate an approximation to the exa t ltering out ome.
A grid-based method introdu ed in [111℄ deterministi ally samples the sample spa e by
using a grid-based approximation over the state spa e. For
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ontinuous systems, using

this approa h makes it possible to redu e a possibly unknown analyti al solution to
an approximate

omputational solution. For dis rete systems, sampling

omputational time omplexity signi antly by

an redu e the

onsidering only a limited number of the

states in the state spa e. A major drawba k of this deterministi

approa h is that the

omputational burden grows exponentially with the dimension of the state spa e. To
alleviate this drawba k, motivated by the

onvergen e properties of random sampling,

an alternative random sampling method known as parti le ltering has be ome the
defa to standard when ltering nonlinear, non-Gaussian systems. Parti le ltering is
used as a basis for an approximation for the hyperlter and, for this reason, parti le
ltering is des ribed in detail below.

3.3 The Parti le Filter
Unlike deterministi

sampling, e.g. grid based methods, the parti le lter [5667℄ ran-

domly samples the spa e.

Parti le ltering is a sequential method that is simple to

implement and has many desirable properties.
Carlo Markov

Parti le ltering is based on Monte

hain (MCMC) simulation, whi h is inuen ed by Monte Carlo integra-

tion. Unlike parti le ltering, MCMC is an iterative method requiring the re-evaluation
of all information at every stage [56℄. At ea h stage
of states from the initial stage to the

k,

MCMC methods sample a series

urrent stage. The probability of the sample is

then evaluated by simulating the system forward from the initial stage until the
stage

k.

At the next stage

urrent

k +1, the MCMC methods, again, generate a new set of state

samples for ea h stage from the initial stage to stage

k + 1.

This pro ess is an iterative

te hnique whereby no information from the previous stage is retained. Iterative te hniques have worst- ase running times that are geometri
stage. Be ause of this, the entire

omputational time

in the number of states at ea h

omplexity burden for estimating

the system from an initial stage to a given time horizon results in a

22

omputational

time

omplexity that is exponential in the time horizon. Parti le ltering, on the other

hand, is sequential in nature. At ea h stage the approximation of the

urrent belief is

evaluated from the approximation of the previous belief.
Parti le ltering approximates the probability fun tion by a nite set of samples
instead of performing exa t ltering. Ea h sample

onsists of a two elements: a weight

(probability) and a point in the state spa e. Be ause the representation is dis rete, the
evolution through the Bayesian ltering equations be omes
Hen e, parti le ltering allows for the evaluation of a broad

omputational in nature.
lass of nonlinear, non-

Gaussian systems.
Parti le ltering is known as bootstrap ltering [58℄,

ondensation [63℄, sequential

Monte Carlo [64℄, intera ting parti le approximations [65℄, and survival of the ttest
[66℄. Regardless of the name, one of the benets of parti le ltering is that, under general
onditions, the

onvergen e or the error is dened in the number of samples, not the

dimension of the state spa e.
in [56℄), parti le ltering

Furthermore, as was shown in [67℄ (and subsequently

onverges under fairly weak assumptions.

Unlike most derivations, the formulation of the parti le ltering algorithm, to be
presented in this se tion, is spe i ally separated into a predi tion and an update step.
The reason for this is to fa ilitate the adaptation of the parti le ltering method into the
hyper-parti le ltering approa h (see Se tion 4.3). Parti le ltering

an also be applied

to dis rete state systems as will be done when exploring the hyper-parti le lter. The
following derivation is based on the sequential importan e resampling method (SIR)
(see [112℄ for further des ription). There are numerous other adaptations to parti le
ltering that

an be applied; however, the fundamental approa h in all of these methods

is the same.
Parti le ltering approximates the probability fun tion of a system with a nite set
of parti les
spa e

X

S = {si }.

Ea h parti le

and a s alar weight

wi,

si = (xik , wki )

where

0 < wi ≤ 1
23

omprises as a point
and

P

i

w i = 1.

xi

in the state

At any given stage,

k,

the belief of the system is approximated by the set of parti les

p(xk |Ik ) ≈
Parti le ltering begins by taking
them equal weight of

1/m.

|Sk |
X
i=1

Sk = {sik }

wki δ(xk − xik ).

m random

samples of the initial belief and giving

The primary portion of the method, repeated at ea h

iteration, performs the approximated Bayesian ltering on the set of parti les
stage

k.

as

Sk for ea

h

Instead of al ulating ea h possible future state from ea h urrent state, parti le

ltering works by randomly sampling a set of next states using an importan e sampling
fun tion

q(·).

Be ause state and observation spa es are nite and the observation

yk

is

already known, it is possible to sample from the optimal hoi e of importan e sampling
fun tion, whi h is

q(xk |xik−1 , yk , uk−1) , p(xk |xik−1 , yk , uk−1),
as was shown in [64℄.

(3.8)

The importan e sampling fun tion (3.8)

an be expanded by

applying Bayes rule to be ome

q(xk |xik−1 , yk , uk−1) = p(xk |xik−1 , yk , uk−1)

p(yk |xk , xik−1 , uk−1)p(xk |xik−1 , uk−1)
p(yk |xik−1 , uk−1)
p(yk |xk )p(xk |xik−1 , uk−1)
,
=
p(yk |xik−1 , uk−1)

=

where the later equation follows from the
states (i.e.,

xik−1 ).

Often

q(xk |xk−1, uk−1)

onditional independen e of

is

From the previous set of parti le samples,

{xjk }m
j=1

xk−1

xjk

and

q(xk |xk−1, uk−1)

is generated for ea h
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uk−1.

i
Sk−1 = {(xik−1 , wk−1
)}m
i=1 ,

are randomly generated using

sampling fun tion, where one sample

on previous

hosen as the importan e sampling fun tion

be ause it is often simple to generate samples from

state samples

yk

xik−1

in

a set of new

as the importan e

Sk−1 .

The weight,

ŵkj ,

representing the probability of ea h new sampled state,

generate the new parti le set
time

k

Sk = {(xjk , ŵkj )}m
j=1 .

xjk ,

is then determined to

The probability of

is obtained from the previous belief at stage

k − 1 and the

any state xk ∈ X

at

transition probability

fun tion as

p(xk |Ik−1 , uk−1) =
≈

X

xk−1 ∈X
m
X
i=1

p(xk |xk−1 , uk−1)p(xk−1 |Ik−1 )

(3.9)

i
p(xk |xik−1 , uk−1)wk−1
.

(3.10)

In (3.10), the exa t predi ted belief is approximated from the parti le set at stage
The weight

i
wk−1

is the approximated probability of

p(xik−1 |Ik−1 )

for ea h

xik−1

in

k − 1.
Sk−1 .

To simplify the analysis, parti le ltering methods assume that the transition probability of ea h parti le

xjk

is nonzero for only the sample

For dis rete systems this approximation redu es the
signi antly. Taking this approximation into a

xik−1

used to generate it.

omputational time

omplexity

ount, (3.10) redu es to

i
p(xjk |Ik−1 , uk−1) ≈ ηp p(xjk |xik−1 , uk−1)wk−1
,

where

ηp is a normalizing

onstant. Be ause ea h sample

xjk

was sampled randomly from

an importan e sampling fun tion, an adverse ee t is introdu ed. Be ause the samples
are generated from an importan e sampling fun tion and not the a tual probability
transition fun tion, the random samples are not representative of the random samples
that would be generated if the probability transition fun tion was sampled dire tly and
therefore the representation of the posterior probability fun tion is skewed. Without
taking into a

ount this ee t, the result

an qui kly be ome erroneous.

The issue is that, on one hand, if one samples from the transition fun tion the weight
should be identi al for ea h sample, as the sampled set will approximate the probability
fun tion itself. However, if one sampled the spa e uniformly, ea h sample should be
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weighted a
into a

ording to the probability of ea h sample. The question is then how to take

ount the adverse ee t when performing quasi-random or random sampling from

a probability fun tion other than the transition probability fun tion. If ea h sample is
just given equal weight, the approximation be omes that of the importan e sampling
fun tion and not the transition probability fun tion. However, if ea h sample is weighted
only a

ording to the transition probability fun tion, the approximated probability

fun tion be omes erroneous. Imagine sampling from an importan e sampling fun tion
that is a Gaussian

entered in the state spa e. If the transition probability fun tion has

a low probability of o

urring around the

enter of the state spa e so that ea h sample

re eives a low weight, the samples get assigned a higher weight when normalized and
the set of samples are fo used in the

enter of the spa e. The result is an ina

urate

representation of the true probability fun tion.
Parti le ltering resear hers rely on insights from Monte Carlo integration to deal
with this issue. When approximating the expe tation of some bounded fun tion
relative to some probability fun tion
the set of samples generated
ee t

c(·)

p(·) by a randomly generated, nite set of samples,

an adversely ee t the result. It turns out that this adverse

an be eliminated by weighting ea h sample by the ratio of the probability of the

sample being generated by the transition probability fun tion divided by the probability
of the sample being generated by the importan e sampling fun tion. More pre isely, as

c(·),

observed in Monte Carlo integration, for some fun tion

E[c(xk )] =

X

c(x)p(x) =

x∈X

X

c(x)

x∈X

The expe tation of a r.v. with a probability fun tion
expe tation of another r.v.
the ratio of

p(x)

and

q(x)

p(x)
q(x).
q(x)

p(x)

with the probability fun tion
for ea h

x ∈ X.

Thus, as

an be represented as the

q(x)

by weighting

c(x)

an be seen, the adverse ee t

of the importan e sampling on the expe ted value of any bounded fun tion

26

by

c(·)

is

Algorithm 1 Parti
Ŝ =

1:

le lter predi tion

PF Predi t(S ,u,y), where

for i = 1, · · · , m do

2:

ŵ i ←

4:

end for
P

5:

x̂i

from q(·
i i
i p(x̂ |x ,u,y)
w q(x̂i |xi,u,y)

sample

3:

i
← m
i=1 ŵ
for i = 1, · · · , m
ŵ i ← ηp ŵ i
1
ηp

6:
7:
8:

end for

9:

m

S = {w i, xi }i=1

| xi , u, y)

do

m

Ŝ ← {ŵ i , x̂i }i=1
Ŝ ←PF_update(Ŝ ,y)
return Ŝ

10:
11:
12:

eliminated. As the ee t of the bias relative to any

c(·) is attenuated,

any measure over

the probability fun tion has the ee t of the bias attenuated. By dividing by
by

qxk |xk−1 ,uk−1 ,yk , the expe

c(·)

pxk |xk−1 ,uk−1

ted adverse ee t in (3.11) relative to any bounded fun tion

is therefore attenuated and the weight

p(xjk |Ik−1 , uk−1)

ŵkj

xjk

be omes

p(xjk |xik−1 , uk−1)

i
wk−1
j i
q(xk |xk−1 , uk−1, yk )
j
ŵk .

≈ ηp
=

asso iated with

(3.11)
(3.12)

When the transition probability fun tion is sele ted as the importan e sampling fun tion
and is substituted into (3.11), the updated weight be omes

i
ŵki = wk−1
.

Thus the

adverse ee t is eliminated so that weight for ea h new parti le is just the weight
with the previous parti le. The pre ise parti le ltering predi tion algorithm is given
in Algorithm 1. Be ause the systems of interest are dis rete, it is always possible to
sample from

pxk |xk−1 ,uk−1

dire tly.

Thus, the ee t of sampling from an importan e

sampling fun tion be omes moot. Ea h of the examples in Chapter 5 use the transition
probability fun tion dire tly as the importan e sampling fun tion.
The update pro edure weights of ea h parti les a
sample given the observation

yk .

With

ηu ,
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ording to the probability of ea h

a normalizing

onstant, the new weight

Algorithm 2 Parti
1:
2:
3:
4:
5:
6:
7:
8:
9:

S=

le lter update

PF_update(Ŝ ,y ), where

for i = 1, · · · , m do

m
Sˆ = {ŵ i , x̂i }i=1

w i ← ŵ ip(y | x̂i )

end for
P

i
← m
i=1 w
for i = 1, · · · , m
w i ← ηu w i
1
ηu

end for

do

m

S ← {w i , xi }i=1

10: estimate parti le divergen e of
11:
12:
13:

if

S

parti le divergen e greater than threshold

S ←PF_resample(S )

then

end if

14: return

S

be omes

p(xik |Ik ) =

p(yk |xik )p(xik |Ik−1 , uk−1)
p(yk |Ik−1, uk−1)

≈ ηu p(yk |xik )ŵki
= wki

by using (3.12) as an approximation of

p(xik |Ik−1, uk−1).

The parti le lo ation does not

hange in the update step of the parti le ltering algorithm. Instead, the weight is only
amplied or attenuated. The update algorithm is des ribed in Algorithm 2.
On e the new weight is generated, a resampling algorithm is exe uted. The resampling algorithm sele ts a set of

m random samples

from the belief approximated by the

parti le set. Resampling avoids parti le degenera y, whi h o
low probability, parti les
does,

urs when low weight, or

ontinue to be utilized. Parti le degenera y

an, and usually

ause problems be ause higher probability regions are undersampled and lower

probability regions are oversampled, resulting in a poor representation of the a tual
probability fun tion. However, resampling has the potential side ee t of

ausing parti-

le impoverishment, whereby parti les with high weights are sele ted many times. This
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Algorithm 3 Parti
S̄ =

1:

le lter resample

PF_resample(S ), where

c to zero
for j = 1, · · · ,m do
cj+1 ← cj + w j

2: Initialize
3:
4:

df

S = {w i , xi }m
i=1

end for

5:

6: draw initial sample
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:

u0

from uniform density over

i←2
for j = 1, · · · , m do
uj ← uj + j−1
m
while uj > ci do
i←i+1

[0, m1 ]

end while

w̄ j ← m1
x̄j ← xi−1

end for

m

S̄ ← {w̄ j , x̄j }j=1
return S̄

is espe ially a

on ern in

ases when the system is subje t to a small pro ess noise [112℄.

The resampling algorithm is des ribed in Algorithm 3.
The predi tion stage has an
number of samples, and
sample from
of

O(m),

l

is the

qxk |xk−1 ,uk−1 ,yk .

pro edure. The algorithmi

O(Kml).

This

omputational time

omputational time

The update stage has a

whi h in ludes the

is therefore

O(lm)

O(m)

omplexity, where

omputational time

is the

omplexity of drawing a random
omputational time

omputational time

omplexity

omplexity of the resampling

omplexity of the parti le lter up to the time horizon
omputational time

K

omplexity in ludes all stages in luding

the predi tion, update, and resampling. When samples are generated from
the

m

omplexity of the sampling pro edure is

O(|X |).

pxk |xk−1 ,uk−1 ,
This o

urs

be ause the sampling pro edure requires that a sample be generated from an uniform
probability fun tion. The sample is then indexed into the

umulative distribution fun -

tion generated from the transition probability fun tion, whi h has

|X | possibilities.

This

pro ess is similar to the resampling pro edure outlined in Algorithm 3. Thus, when the
importan e sampling fun tion is

hosen as the transition probability fun tion, parti le
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ltering has a

omputational time

was originally derived for

omplexity of

ontinuous spa e systems, it

imation to dis rete systems to redu e the

While parti le ltering

an be applied as an approx-

omputational burden of nding the exa t

solution. The exa t solution for the dis rete
pli ations there

O(Km|X |).

ase is

O(K|X |2).

In many roboti s ap-

an be tens of millions of states. Evaluation of su h a system is not

pra ti al with today's

omputational means and the

parti le lter is preferable to the exa t solution.
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O(Kml)

time

omplexity of the

4 HYPERFILTERING
Hyperltering is a method, for systems modeled by POMDPs, to propagate the estimate
of the belief,

bk

at stage

k,

and its un ertainty forward into future stages for unseen

observations and una tualized

ontrol inputs. By hoosing the probability fun tion over

the beliefs, hyperltering is able to sequentially evaluate the estimate of the system and
its un ertainty forward from one stage to the next. Moreover, by adopting the

omplete

representation of the un ertainty, instead of just some statisti s of the belief, a more
a

urate representation of the evolution of the system is obtained.
In this

hapter, both the motivation (Se tion 4.1) and formulation (Se tion 4.2)

of the hyperlter are explored. Additionally, the hyper-parti le ltering method that
approximates the hyperlter is introdu ed in Se tion 4.3.

4.1 Hyperlter Motivation
When dealing with sto hasti pro esses, a method is needed to understand how a pro ess
evolves over time. Closed form solutions representing the behavior of a system as it
evolves are elusive and, for most systems, are assumed to not exist. Simulations are
therefore performed to predi t the evolution of su h pro esses. There are two obje tives
desired for predi ting the evolution of sto hasti

systems.

The rst is maintaining a

representation of the system and its un ertainty at a given stage that

an be used to

estimate the system and its un ertainty at a future stage. Su h a representation would
enable the sequential evaluation of the system forward into future stages. The se ond
is a representation that enables the system's performan e to be measured, su h as the
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likelihood of a robot a hieving a

ertain obje tive, the quality of a hieving an obje tive,

or merely to understand the ee ts the noise on a system.
For sto hasti

pro esses, the expe ted value as well as higher-order moments are

typi ally evaluated as a method to understand the evolution of a system. For instan e,
if the system is exe uting a poli y within the

lass of feedba k poli ies that depend on

the information state (or any equivalent su ient statisti
resentation of the expe tation of evolution of

xk

su h as the belief ), the rep-

over the set of all possible observations

be omes

X

EIk [p(xk |Ik )] =
=

Ik ∈Ik

p(xk |Ik )p(Ik )

X X

y1 ∈Y y2 ∈Y

X

=

y1 ,...,yk ∈Y

···

X

yk ∈Y

(4.1)

p(xk |Ik−1 , π(Ik−1), yk )p(Ik−1 , π(Ik−1), yk )

(4.2)

p(xk |Ik−1, π(Ik−1 ), yk )p(yk |Ik−1, π(Ik−1 ))p(Ik−1, π(Ik−1 ))
(4.3)

.
.
.

=

X

y1 ,...,yk ∈Y

p(xk |π(I1 ), π(I2 ), . . . , π(I k−1 ), y1, . . . , yk )·

p(yk |Ik−1, π(Ik−1 )) · · · p(y1 |I1 , π(I1 ))p(y1 |x1 )p(x1 ),
where (4.2) is obtained from (4.1) by pulling

uk−1 = π(Ik−1 ).

Be ause

uk−1

and

yk

out of

Ik

(4.4)

and substituting

p(Ik , uk−1, yk ) = p(yk |Ik−1 , uk−1)p(Ik−1 , uk−1), (4.3) is obtained

from (4.2). The result in (4.4) is obtained by repeating the pro ess performed in (4.2)
and (4.3) from stage

k−1

to the initial stage.

Be ause the poli y maps from the random information state at ea h stage to a ontrol
a tion, the ee t of ea h observation must be
that for

onsidered.

This

learly demonstrates

ontrolled systems subje t to an information-feedba k poli y, the ee t of

the observation on the system's evolution
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annot just be eliminated, and hen e, the

posterior over the observation spa e at ea h stage plays a

riti al role in the evaluation

of the evolution of the system.
Propagating only the expe ted belief from stage to stage has little value as the
un ertainty in the system is not evaluated. Knowledge of the un ertainty of the system
from stage to stage is needed to fully understand the evolution of the system when
the system is subje t to noise. Higher-order moments of the probability over the set
of possible observations in the observation spa e
un ertainty of the system.

an be determined to estimate the

Just as for nding the expe ted value, the posterior over

the set of possible observations is essential in evaluating higher-order moments. Other
moments or measures may also be

onsidered. However, in any

ase where the poli y

is a fun tion of the information state (or a su ient statisti ), the posterior over the
observation spa e is required to estimate the performan e of the system forward to
future stages.
While some ltering methods exist that propagate an estimate of the moments like
[113℄, they are for a spe i

lass of problems. The majority of methods for ltering of

nonlinear non-Gaussian systems approximate the probability fun tion and evaluate the
approximated probability fun tion between stages. Even other methods that estimate
moments are just approximating moments used to t to an assumed probability fun tion
as [80, 82℄. In the general

ase, when no spe ial stru ture is known, it is not obvious

how to propagate a nite set of moments from one stage to the next. It would then
seem reasonable to pursue a method to approximate the probability fun tion over the
belief rather than just a nite set of moments.
There are two possibilities to predi t the behavior of a system, either by a ba kwardbased method or by a forward-based method. In the former, a representation of behavior
of a system at stage

k

is attained via a representation of the behavior of the system at

stage

k + 1,

k+1

is determined from the representation of the behavior of the system at stage

whereas in the latter a representation of the behavior of a system at stage
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k.

The weakness of ba kward-based approa hes is that the representation of the behavior
of the system must be known for all possible representations at stage
the behavior at the pre eding stage

k

in order for

to be determined be ause the pre eding stage

indexes into the set of possible representations at stage
i ap, a set of feasible representations

k+1

k + 1.

k

To over ome this hand-

an be sampled to redu e the set of possibilities

onsidered, but the generation of this set is typi ally done through online forward-based
methods (e.g., [7072, 101℄) or oine learning methods (e.g., [73℄), whi h use forwardbased simulation te hniques to determine the feasible set. Even so, these te hniques
either are iterative in nature, or fail to propagate the estimate of the behavior and
its un ertainty forward and instead just sample a set of feasible representations of the
behavior. Thus forward-based methods are preferable over ba kward-based methods,
espe ially

onsidering many ba kward-based approximation methods use forward-based

methods to aid in the approximation.

4.2 Hyperltering Formulation
To generate a forward-based sequential method, a

onstru t that en apsulates the ee t

of the unobserved random observations must rst be found. Interestingly, expanding
the fo us and attention of the sear h onto what happens in the spa e of probability
fun tions over the belief spa e, the evolution of the probability fun tion over the beliefs
an be observed to be the pre ise
evolution of the sto hasti

onstru t needed, enabling the examination of the

system forward into future stages for unknown observations.

This is fortuitous as the goal is to evaluate the behavior of the system based not only
on the state but also on the belief. Hyperltering is then the appli ation of ltering
on the belief spa e.

The

on eptual dieren e between ltering and hyperltering is

that ltering en apsulates all past observations and
urrent belief, whereas hyperltering takes into a
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ontrols into the estimate of the
ount all possible values of future

observations and

ontrol a tions when making an estimate of the probability fun tion

over the belief.
When ltering, in the traditional sense, an observation is made so the belief transition fun tion Denition 3.1 is deterministi :

bk = B(bk−1 , uk−1, yk ).
However, when predi ting future behavior, the observations are unknown and sto hasti
in nature. The future belief therefore be omes a random variable (refer to Denition
4.1 below) dened by the sto hasti

pro ess

bk+1 = B(bk , π(bk ), yk+1, ).

The evolution from one stage to the next via the sto hasti

(4.5)

pro ess (4.5) generates a

random variable and, thus, a representation of the probability fun tion over the belief
is needed to pro eed.

4.2.1 The hyperbelief
To in orporate the future unseen observations, hyperltering maintains a probability
fun tion over the belief spa e. Just as the belief gave rise to the ability to lter over a
state spa e, the probability fun tion over the belief, known as the hyperbelief, enables
the forward sequential predi tion of the evolution of POMDPs.

Denition 4.1. For a POMDP with a dis rete state spa e and applied ontrol poli y
π , the hyperbelief βk at stage k is a fun tional, su h that βk : Pb → R+ . The hyperbelief

is a probability fun tion over the belief spa e at ea h stage. The initial hyperbelief β1 at
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stage k = 1 is given; for k > 1, the hyperbelief is dened as
βk , pbk |β1 ,π .

Note that

R+

denotes the set of non-negative real numbers.

By representing the

probability fun tion over the belief at ea h stage given the initial hyperbelief and
poli y

π,

the hyperbelief is a representation of the predi ted behavior of a system at

future stages. Ea h

Pβ

ontrol

βk

is

ontained in the

hyperbelief spa e Pβ .

is dened as the set of all probability measures over or

dened over the belief spa e

The hyperbelief spa e

B(Pb ),

the Borel

σ -algebra

Pb .

For dis rete state spa e POMDP systems, ea h of the state spa e, belief spa e, and
hyperbelief spa e are well dened. The belief spa e is represented as an n-1 dimensional
simplex. The Borel

σ -algebra B(∆n−1 )

exists, and thus, the hyperbelief spa e is well

dened.
An illustration of the relationship between the state spa e, the belief spa e, and the
hyperbelief spa e is depi ted in Figure 4.1. In the depi ted example, the state spa e

X

at Figure 4.1(a)

ontains 10 states. A probability fun tion over the state at Figure

4.1(b) maps into a point

b

at Figure 4.1( ) in the belief spa e

Pb ,

whi h is an

|X | − 1

dimensional simplex. In a similar manner at Figure 4.1(d), a probability fun tion over
the belief spa e

Pb ,

maps to a point

β

in the hyperbelief spa e

Pβ

at Figure 4.1(e).

4.2.2 Evolution of the hyperbelief: The hyperlter
By fo using on the evolution of the hyperbelief from future stage to future stage, it
is possible to propagate the

omplete estimate of the belief and its un ertainty, in a

similar manner to how the Bayesian lter propagates the belief, and not merely some
statisti s of the belief, from past stages to the

urrent stage. Moreover, it is possible

to derive a sequential method, whereby starting from the initial stage and progressing
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Figure 4.1: The hyperbelief spa e (e) is the set of probability fun tions over the belief
spa e ( ), su h as (d), whereas the belief spa e ( ) is the set of probability fun tions
over the state spa e (a), su h as (b)
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βk+1

forward, the hyperbelief
at future stage

k + 1 is

at future stage

al ulated from the hyperbelief

βk

k.

Denition 4.2. The belief transition probability fun tion p(bk+1 |bk , uk ), represents the
probability of the out ome bk+1 of the sto hasti pro ess B(bk , uk , yk+1 ) given bk and the

applied ontrol input uk .
Sin e both
observations

π

and

bk

are known, the probability fun tion over the the set of possible

an be inferred. This indu es a probability fun tion on the set of a tions,

whi h is used to determine the probability of

bk+1

o

urring.

The

lass of

ontrol

poli ies explored are restri ted to information-feedba k poli es; thus, the observation
determines whi h
spa e

ontrol a tion is applied. The state spa e and, therefore, the belief

an be augmented to in lude a stage number, making it possible to dene time

varying feedba k poli ies.
The hyperbelief
the

βk+1

βk+1

an be marginalized on the previous hyperbelief to represent

as the integral of the belief transition probability fun tion and the previous

hyperbelief

βk

at stage

k.

In turn,

βk

an be represented as the integral of the belief

transition probability fun tion and the previous hyperbelief
a sequential formulation of the hyperbelief
Dening
all

at stage

k − 1.

Thus,

an be formulated.

Π to be the set of all information feedba

B(Pb )-measurable

βk−1

fun tions dened over

Pb ,

k poli ies and

M(Pb ) as the set of

it is possible to establish a sequential

formulation of the hyperbelief.

Theorem 4.1. For a system modeled as a POMDP with a dis rete state spa e and
with a given ontrol poli y π ∈ Π, the hyperbelief βk ∈ Pβ at stage k given the initial
hyperbelief β1 ∈ Pβ , an be evaluated via the sequential appli ation of the belief transition

probability fun tion from stage k to the initial stage. This holds if the belief transition

fun tion is dened su h that pbk+1 |bk ,uk (·| bk , uk ) ∈ Pβ for all bk ∈ Pb , uk ∈ U and
p(bk+1 |·, uk ) ∈ M(Pb )

for all

bk+1 ∈ B(Pb ), uk ∈ U .
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Proof.

The proof follows by indu tion on the appli ation of the belief transition prob-

ability fun tion. First note that belief transition fun tion, as a fun tion of a random
belief and a random observation, is Markovian; the future probability of a belief depends only on the previous belief, and the poli y, whi h depends on the previous belief.
At the se ond stage,
hyperbelief

β2

on

b1

k = 2,

the hyperbelief

and substituting

an be formulated by marginalizing the

u1 = π(b1 )

β2 (b2 ) = p(b2 |β1 , π) =
=

Z

Z

to obtain

b1 ∈Pb

p(b2 |b1 , β1 , π(b1 ))p(b1 |β1 )db1

b1 ∈Pb

p(b2 |b1 , π(b1 ))β1 (b1 )db1 .

(4.6)

Be ause the state spa e is nite, the belief spa e is represented as a nite dimensional simplex. The integration therefore is performed over the simplex. In the se ond
equation,
Be ause

p(b2 |b1 , β1 , π(b1 ))

is

onditionally independent of

p(b1 |β1 ) is the probability of b1

it is equivalent to
The result is

β1 (b1 ).

β1

As

p(b2 |b1 , π(b1 )), whi

β1

when

onditioned on

onditioned on the hyperbelief

b1 .

β1 , by denition

is the initial hyperbelief, it is assumed to be given.

h is just the belief transition probability fun tion. The

assumption that

β1 ∈ Pβ

assumption that

p(bk+1 |·, uk ) ∈ M(Pb )

β1

implies that

is an integrable fun tion. Moreover, by the

for all

bk+1 ∈ B(Pb ), uk ∈ U ,

implies (4.6) is

integrable as the produ t of two integrable fun tions is also integrable. Moreover, beause

pbk+1 |bk ,uk (·| bk , uk ) ∈ Pβ

for all

bk ∈ Pb , uk ∈ U

is integrable and satises the

properties to be a probability measure, then, by denition of
belongs to

Pβ ,

the hyperbelief

β2

Pβ .

Assuming that

βk−1 ∈ Pβ

and that

βk−1

an be evaluated by integrating over the

belief transition probability fun tion the hyperbelief at stage
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k − 2,

the hyperbelief

βk

at stage

k

is expressed as

βk (bk ) = p(bk |β1 , π) =
=

Z

bk−1 ∈Pb

Z

bk−1 ∈Pb

p(bk |bk−1 , β1 , π(bk−1 ))p(bk−1 |β1 , π)dbk−1
p(bk |bk−1 , π(bk−1 ))βk−1 (bk−1 )dbk−1 .

The rst equation follows from the marginalization of the probability of

(4.7)

p(bk |β1 , π)

on

bk−1 .

The se ond equation follows from the belief transition probability fun tion at

stage

k

bk−1

being

at stage

onditionally independent of the initial hyperbelief

k−1

and by substituting

uk−1 = π(bk−1 )

β1

given the belief

into the belief transition proba-

bility fun tion. Again, be ause of the assumed form of the belief transition probability
fun tion and that

βk−1 ∈ Pβ ,

An analogous proof

(4.7) is integrable and

an be established for

βk ∈ Pβ .

ontrol poli ies that are time varying

or for open-loop poli ies. Noti e the analog between the belief transition probability
fun tion and that of

ompletely observable MDP type pro esses. By abstra ting into

the belief spa e, the analysis redu es to evaluating a fully observable equivalent of the
evolution of the system, where the observation is treated as a noise term in the belief
spa e, similar to the pro ess noise in an MDP system. From this insight, the hyperbelief
transition fun tion naturally follows.

Denition 4.3. The fun tion that transfers a hyperbelief βk ∈ Pβ into the hyperbelief
βk+1 ∈ Pβ given a feedba k poli y that depends on the belief is denoted as the hyperbelief

transition fun tion Υ, su h that Υ : Pβ × Π → Pβ , where Π is the set of all feedba k

poli ies. The hyperbelief transition fun tion is represented as
βk+1 = Υ(βk , π),
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Figure 4.2: The evolution of the hyperbelief

where, for ea h bk+1 ∈ Pb ,
Υ(βk , π)(bk+1 ) ,

Z

bk ∈Pb

p (bk+1 |bk , π (bk )) βk (bk )dbk .

Be ause the output of the hyperbelief transition fun tion is dened over the belief
spa e

Pb , the notation Υ(·)(bk+1) is adopted to represent the resulting fun

at a spe i

belief

tion evaluated

bk+1 ∈ Pb .

The hyperbelief transition fun tion

an be nested as a set of

ompositions up to any

given stage. In this way, it is possible to preserve the result of one stage as the input
for the next stage. Hen e, the hyperbelief en apsulates all the information needed to
predi t the evolution of a partially observed system into future stages.
of the hyperlter is illustrated in Figure 4.2.
fun tion to the hyperbelief

βk

at stage

k

on ept

By applying the hyperbelief transition

using the poli y
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The

π,

the hyperbelief

βk+1

is

generated.

Likewise, by sequentially applying the hyperbelief transition fun tion to

the resultant

βk+1

hyperbelief in

the hyperbelief

Pβ

βk+2

is generated. In ea h

orresponds to a probability fun tion over

ase the evolution of the

Pb

as is illustrated in the

gure.

4.2.3 Generation of the belief transition probability fun tion
To generate the belief transition probability fun tion, several properties will need to
be dis ussed to provide insight into the hyperltering method.

As dis ussed above,

the evolution of the system into future stages produ es a hyperbelief via the sto hasti
equivalent of the belief transition fun tion, whereby the observation is a random variable
instead of being an observed out ome.
As dis ussed in Se tion 3.1.1, the belief transition fun tion is a

omposition of two

steps: the predi tion step and the update step, both of whi h are deterministi pro esses
that transition a belief into another belief in the belief spa e. From Denition 3.1, with
the evaluation of
belief

bk ,

ηk

substituted into the equation, the belief transition fun tion for a

ontrol a tion

uk ,

and observation

yk+1

is dened as

P
p(yk+1|xk+1 ) xk ∈X p(xk+1 |xk , uk )bk (xk )
P
,
B(bk , uk , yk+1 )(xk+1 ) = P
xk+1 ∈X p(yk+1 |xk+1 )
xk ∈X p(xk+1 |xk , uk )bk (xk )
where the notation
at a spe i

state

B(·)(xk+1 )

is adopted to represent the resulting fun tion evaluated

xk+1 .

The predi tion step updates the probability fun tion based on an applied
a tion; more pre isely, the predi tion step transitions a belief

b̂k+1 at stage k+1 for some
where for all

x̂k+1

(4.8)

in

ontrol a tion

uk , and

bk

at stage

an be represented by b̂k+1

k

ontrol

to a belief

= B̂(bk , uk ),

X,
B̂(bk , uk )(x̂k+1 ) =

X

xk ∈X
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p(x̂k+1 |xk , uk )bk (xk ),

(4.9)

and thus,

b̂k+1 = pxk+1 |Ik ,uk .

By substituting

b̂k+1

into (4.8), the update

probability fun tion based on an observation.
transitions the belief

b̂k+1

to belief

bk+1

an be formulated, whi h reweights the
At stage

at stage

k+1

k + 1,

the update step

B̄(·)

yk+1.

The

for an observation

update step is give as

B̄(b̂k+1 , yk+1)(xk+1 ) = P

p(yk+1|xk+1 )b̂k+1 (xk+1 )

xk+1 ∈X

for all

xk+1

The

in

p(yk+1|xk+1 )b̂k+1 (xk+1 )

,

(4.10)

X.

omposition of both (4.9) and (4.10) be omes the belief transition fun tion:

B(bk , uk , yk+1) = B̄(B̂(bk , uk ), yk+1).
In this way, the belief transition fun tion

an be split into two steps.

When the belief of the previous stage is random and the observation is random, the
evolution of the system from one stage to the next still pro eeds in two steps.

The

rst step is the predi ted transition of a random belief under a given poli y. This is
related to the predi tion stage of traditional ltering methods. When
a spe i

belief,

B̂

The probability of

onditioned on

ondenses to a single point indi ating the single, unique out ome.

b̂k+1 ,

therefore, is given as

p(b̂k+1 |bk , uk ) = δ(b̂k+1 − B̂(bk , uk )).
However, if a random belief at stage

k

is given, the resulting hyperbelief is

for every possible belief in the previous hyperbelief, hen e for some

p(b̂k+1 |βk , π) =

Z

(4.11)

bk ∈Pb

p(b̂k+1 |bk , π(bk ))βk (bk )dbk .
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al ulated

b̂k+1 ,

(4.12)

Like the predi tion step

B̂ ,

when the update

B̄

the probability fun tion over the belief spa e

is

onditioned on a spe i

observation

ondenses to a single point in the belief

spa e indi ating the single, unique out ome:

p(bk+1 | b̂k+1 , yk+1) = δ(bk+1 − B̄(b̂k+1 , yk+1)).

(4.13)

However, the observation is unknown when predi ting the future, so the observation

yk+1 a

ts like a noise term in the update

vation into a
belief

b̂k+1

X

yk+1 ∈Y

X

yk+1 ∈Y

where in (4.14)

yk+1

p(bk+1 |b̂k+1 , yk+1)

X

xk+1 ∈X

p(yk+1 |xk+1 )b̂k+1 (xk+1 ),

(4.14)

(4.15)

is introdu ed as a marginalizing term. The probability fun tion

represents the posterior over the observation given the probability fun tion

p(yk+1|xk+1 )b̂(xk+1 ).

If the

given some predi ted

p(bk+1 |b̂k+1 , yk+1)p(yk+1 |b̂k+1 )

dened over the state spa e, whi h is evaluated as

xk+1

bk+1

is given as

=

b̂k+1
P

When taking the random obser-

ount, the resulting probability for some belief

p(bk+1 |b̂k+1 ) =

p(yk |b̂k+1 )

B̄(b̂k+1 , yk+1).

p(yk |b̂k+1 ) =

This property is used to obtain (4.15) from (4.14).

omposition of both (4.11) and (4.13) is taken, it is possible to represent the

belief transition probability fun tion as

p(bk+1 |bk , uk ) =
=

Z

b̂k+1 ∈Pb

Z

b̂k+1 ∈Pb

=

Z

b̂k+1 ∈Pb

p(bk+1 |b̂k+1 , uk )p(b̂k+1 |bk , uk )db̂k+1

(4.16)

p(bk+1 |b̂k+1 )p(b̂k+1 |bk , uk )db̂k+1

(4.17)

p(bk+1 |b̂k+1 )δ(b̂k+1 − B̂(bk , uk ))db̂k+1

(4.18)

= p(bk+1 |B̂(bk , uk )).
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(4.19)

By marginalizing the belief transition probability fun tion on
The fa t that the probability of

bk+1

is

is applied to derive (4.17) from (4.16).
to derive (4.18).

onditioned on

whi h is obtained via

(4.16) is obtained.

onditionally independent of

uk

given

b̂k+1

Next (4.11) is substituted into the equation

Finally, the equation redu es to (4.19) be ause

probability one when

b̂k+1 ∈ Pb ,

b̂k+1 ,

bk .

b̂k+1

is unique with

The integration redu es to the single point

B̂(bk , uk ).

While (4.19) provides insight on the evolution of the system at the belief level, it
does not represent the

omplete evolution from the state spa e perspe tive.

By ex-

panding (4.19) to be in terms of the transition probability fun tion and the observation
probability fun tion, the belief transition probability fun tion be omes

p(bk+1 |bk , uk ) = p(bk+1 |B̂(bk , uk ))
X
=
p(bk+1 |b̂k+1 , yk+1)p(yk+1 |B̂(bk , uk ))
yk+1 ∈Y

=

X

p(bk+1 |b̂k+1 , yk+1)

X

p(bk+1 |b̂k+1 , yk+1)

yk+1 ∈Y

=

yk+1 ∈Y

=

X

1

yk+1 ∈Yb (bk+1 ,bk ,uk )

X

x̂k+1 ∈X

X

p(yk+1 |x̂k+1 )B̂(bk , uk )(x̂k+1 )

X

p(yk+1 |x̂k+1 )

x̂k+1 ∈X

x̂k+1 ∈X

p(yk+1|x̂k+1 )

X

xk ∈X

X

xk ∈X

p(x̂k+1 |xk , uk )bk (xk )

p(x̂k+1 |xk , uk )bk (xk )

(4.20)

where

Yb (bk+1 , bk , uk ) = {y : bk+1 = B(bk , uk , y), ∀y ∈ Y}.
The se ond and third equations just perform the steps of
where

b̂k+1

is substituted with

B̂(bk , uk ).

(4.14) and (4.15), respe

tively,

The third equation follows from the appli a-

tion of (4.9). In (4.20), be ause (4.13) is a delta fun tion, all observations outside of

Yb (bk+1 , bk , uk )

are evaluated with a weight of zero and all the observations in the set
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are assigned a weight of one. The summation over
to the summation over
As

yk+1 ∈ Y

therefore

an be redu ed

yk+1 ∈ Yb (bk+1 , bk , uk ).

an be seen from (4.20), the hyperltering equations are likely to be highly

nonlinear.

Moreover, the set

Yb

may not be easily

omputed.

However, for spe i

systems, insight into the evolution of the system may provide alternative formulations
of the hyperltering equations that eliminate these issues. As an example, if there are
a nite number of beliefs with nonzero probability in the in initial hyperbelief, ea h
future hyperbelief

omprises only a nite number of beliefs with nonzero probability

be ause there are only a nite number of possible observations and states. Thus, even
though the system evolves in a
o

ontinuous spa e, only a nite set of possibilities may

ur at ea h stage.

4.3 Hyper-Parti le Filtering: A Hyperltering
Approximation
While ltering is a di ult problem, the issues with hyperltering grow exponentially
(quite literally in the

ase of dis rete systems); the number of possible beliefs

an grow

exponentially with the time horizon. Another issue is the high nonlinearity of the belief
transition probability fun tion as shown in Se tion 4.2.3. Be ause of these issues, an
approximation method is needed. Based on parti le ltering, hyper-parti le ltering is
introdu ed to approximate hyperltering in the following se tion.

4.3.1 Hyper-parti le lter formulation
The hyperltering te hnique determines the hyperbelief

βk+1

from the hyperbelief

βk .

However, the hyperltering algorithm may be di ult or impossible to implement preisely, so an approximation may be required. To a hieve this approximation, the hyperparti le ltering method is developed based on the parti le ltering te hnique. Whereas
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traditional parti le ltering represents the evolution over just a single known observation at ea h stage, hyper-parti le ltering represents the evolution of the system over all
possible unknown observations at ea h future stage. Based on Monte Carlo integration,
parti le ltering approximates the probability fun tion of a random ve tor by a set of
samples and asso iated weights. The weights are normalized values that represent the
approximated probability of the system being in the state represented by ea h one of
the samples. Ea h parti le is sampled a

ording to an importan e sampling fun tion.

Often the sampling strategy is random, typi ally either the true transition probability
fun tion or a simplied approximation of the transition probability fun tion.
very general

onditions it has been shown that the parti le lter

probability fun tion for both

Under

onverges to the true

ontinuous and dis rete random variables [56, 67℄. One

aspe t that sets hyper-parti le ltering apart from sample path simulation, besides the
sequential nature, is that a set of beliefs is sampled from the hyperbelief at ea h stage,
not just a single observation from the single belief as done in sample path simulation.
Hyper-parti le ltering takes as input a set of hyper-parti les (whi h approximate
the hyperbelief ) and a

ontrol poli y, and outputs a new set of hyper-parti les via the

hyperbelief transition probability fun tion (as dened at Denition 4.3). The hyperparti le lter is a two-tiered approa h. At the lower level, a traditional parti le lter is
used to approximate one possible belief over the state by a set of parti les. At the upper
level, the hyperbelief is approximated by a set of hyper-parti les. Ea h hyper-parti le
has both a sample and a weight asso iated to it. The sample is just an approximated
belief represented by a parti le set.

The weight approximates the probability of the

asso iated sample. Besides being a two-tiered approa h, the hyperlter pro eeds in two
steps, in a manner similar to the parti le lter, with a predi tion step and an update
step.
To illustrate the notion of hyper-parti le ltering, only basi

parti le ltering te h-

niques are employed (i.e., the prototypi al sequential importan e resampling method
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[112℄). Of

ourse, there are more

ompelling developments that

ould be in orporated

into the hyper-parti le ltering framework su h as those referen ed in Se tion 3.3.
At the upper level, the hyper-parti le lter at stage

with

αki

R

a nonnegative s alar weight and

a point in belief spa e, and

Zk

bik

bik = {wkq , xqk }Q
q=1 ,

where

Q
k

wkq

k

PR

i=1

and samples

is a pair where

Ea h

bik

represents

αki δ(bk − bik ).

At the

xqk

in the state spa e

as

bk (xk ) ≈

as represented by

PQ

q=1

Zk

k + 1 from the approximated

by randomly sampling set of beliefs

{blk+1 }

Zk+1 .

In this

way, a nite number of beliefs are generated to represent the hyperbelief at stage

k.

dire tly may not be pra ti al or feasible. However, as shown in (4.19),

step

h

B̂ generates the predi

k+1

The hyperbelief transition fun tion is split into two

steps be ause sampling from the belief transition probability fun tion,

p(bk+1 | B̂(bk , uk )), whi

bik

wkq δ(xk − xqk ).

and then adjusting their weights to generate the approximated hyperbelief

from the hyperbelief at stage

X,

is the number of parti le samples. Thus, ea h

on ept is to approximate the hyperbelief at stage

hyperbelief at stage

zki

hyper-

is asso iated with a traditional parti le set, where ea h

approximates the belief at stage
The

bik ∈ Pb .

βk (bk ) ≈ p(bk |Zk ) =

omprises a set of pairs of s alar weights

giving:

Ea h

R

represents a probability mass for that point. The set

approximates the hyperbelief:

lower tier, the belief point

bik

αki

onsists of a set of

Zk = {zki }i=1 .

parti les. These hyper-parti les are denoted as

zki = (αki , bik ),

k

p(bk+1 | bk , uk ),

p(bk+1 | bk , uk ) =

an be used to generate samples in two steps. In the predi tion
ted sample. Then the update step is performed by generating

a set of samples from an importan e sampling fun tion

qbk+1 |b̂k+1 ,

whi h is

onditioned

on the sample generated during the predi tion step.
The evolution of the hyper-parti le ltering pro eeds as follows. At stage
an approximation of the hyperbelief
the

ontrol poli y

π

βk .

k , Zk

is

The predi ted next stage hyperbelief under

is approximated by using traditional parti le ltering (as des ribed

in Se tion 3.3) to approximate the predi ted hyperbelief by sampling a set of hyperparti les from

B̂

for ea h hyper-parti le in

Zk .
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This redu es the

omputational burden

of the exa t predi tion: the exa t predi tion via

|X |

B̂

takes

O(|X |2)

time when there are

states and, thus, to be useful, the parti le ltering approximation of the a tual

transition is used to redu e the
xed number

Q

omputational time

of parti le samples from stage to stage.

The out ome is a new hyper-parti le

j
j
ẑk+1
= {α̂k+1
, b̂jk+1 } generated for ea

whereby ea h

b̂jk+1 approximates the deterministi

B̂(bik , uk ).

B̂

As

is a deterministi

fun tion over the belief spa e o
that generated

omplexity by generating only a

b̂jk+1

Ẑk+1

urs, all the weight of the previous hyperbelief,

ẑkj ,

is randomly sampled to
at stage

importan e sampling fun tion
fun tion

qbk+1 |b̂k+1

b̂jk+1 ≈

fun tion of the beliefs and no diusion of probability

should be assigned to

l
Zk+1 = {αk+1,
blk+1 }RT
l=1

zki ∈ Zk ,

out ome of the predi tion step

therefore,

k + 1.

zki ∈ Zk ,

j
α̂k+1
= αki .

On e the predi ted set of hyper-parti les is generated, a set of at most
ea h belief in

h

T

beliefs for

reate a new set of hyper-parti le samples:

These beliefs are sampled a

qbk+1 |b̂k+1 (·|b̂jk+1 ),

for ea h

j.

ording to an

The importan e sampling

is a random, or quasi-random, fun tion that generates a sample in

the belief spa e given

b̂k+1 .

The importan e sampling fun tion

a variety of desired attributes from emphasizing sampling of

an be biased based on

ertain regions to for ing

quasi-uniform sampling. The preferred importan e sampling fun tion is

pbk+1 |b̂k+1

in the

ases where it is possible to sample this probability fun tion dire tly.
For ea h

blk+1 ,

the new updated weight must be

al ulated, where the new weight is

based on the previous weight and the probability of the new belief. For hyper-parti le
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l
zk+1

l
αk+1
,

the probability is approximated by the weight

p(blk+1 |βk , π)

=
=
≈
≈

Z

Z

(4.21)

bk ∈Pb

p(blk+1 |bk , π(bk ))p(bk |βk , π)dbk

(4.22)

bk ∈Pb

p(blk+1 |B̂(bk , π(bk )))βk (bk )dbk

R
X
i=1
R
X
j=1

p(blk+1 |B̂(bk , π(bik )))αki

(4.23)

j
p(blk+1 |b̂k+1 )α̂k+1

(4.24)

≈ ηk+1

p(blk+1 |b̂jk+1 )
q(blk+1 |b̂jk+1 )

Equation (4.21) follows from marginalizing

p(bk |βk ) = βk (bk )

Be ause

whi h is found by

j
l
α̂k+1
= αk+1
.

p(blk+1 |βk , π) on bk , redu

(4.25)

ing to

p(blk+1 |bk , π).

p(bk+1 |bk , uk ) = p(bk+1 |B̂(bk , uk )),

and the fa t that

as was

shown in (4.19), (4.22) is obtained from (4.21). At ea h stage, the hyper-parti le set

Zk

is an approximation of the hyperbelief

βk ,

where the approximated probability of a

belief is given as

βk (bk ) ≈ p(bk |Zk ) =
As the belief spa e is a

losed and bounded

R
X
i=1

αki δ(bk − bik ).

ontinuous spa e, one would expe t that

the approximation of any fun tion over this spa e by a set of delta fun tions would be
a poor

hoi e, in su h a senario ea h of the belief points have zero measure. However,

it was shown in [56, 67℄ that under some weak assumptions the error of the expe ted
value of the parti le ltering method taken with respe t to any
fun tion



EIk 

c(·)
Z

for

bk ∈Pb

n

ontinuous and bounded

samples is bounded by

c(bk )(

n
X
i=1

αki δ(bk − bik ))dbk −
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Z

bk ∈Pb

c(bk )pn (bk |Ik )dbk

!2 

mk
= √
kck
n

where

mk

is some

onstant independent of

n.

Moreover, when

onsidering dis rete

systems, there are only a nite set of belief points at ea h stage, ea h a delta fun tion
in the belief spa e. Be ause hyper-parti le ltering is a forward-based method, whereby
ea h

bik

is a sample in the set of feasible beliefs, the approximation given above is

reasonable and represents an approximation of the nite set of possible belief points
at ea h stage. The quality of this approa h will be demonstrated in Chapter 5. Thus,
(4.22)
The set

an be approximated as the summation over all the belief samples in

Ẑk+1

was generated to approximate the output of

thus, (4.24) is obtained by substituting

Ẑk+1

B̂

in (4.23).

for ea h sample in

into (4.23), where

the ee t of the bias of the importan e sampling fun tion

Zk

j
αki = α̂k+1
.

qbk+1 |b̂k+1

Zk

and,

To redu e

(as was done for the

parti le lter), (4.25) is obtained from (4.24), while also satisfying the requirement that
the total weight must be normalized su h that

1
ηk+1

=

PRT

l
l=1 αk+1 . As was shown with

regard to the parti le lter, dividing by the probability of the sample being generated
by the importan e sampling fun tion redu es or eliminates the impa t of the bias on the
expe ted value. Additionally, (4.25) follows from the assumption that ea h parti le
has zero probability of o

b̂jk+1

blk+1

urring from any belief sample other than the belief sample

that generated it, so the summation redu es to the evaluation over a single belief.

This stage is analogous to (3.11) as performed by the parti le lter.
Alternatively, the samples
onsiders all of
fun tions to

Ẑk+1

probability

instead of just

qbk+1 |Ẑk+1

when sampling. This

an be drawn from an importan e sampling fun tion that

b̂jk+1 .

Extending the

enables the probability of ea h

lass of importan e sampling

b̂jk+1

to be taken into a

ount

an have a signi ant impa t on the sampling as beliefs with low

an be sampled fewer times than those with greater probability. If
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qbk+1 |Ẑk+1

is

hosen, the weight be omes

p(blk+1 |βk , π)

≈

R
X
j=1

j
p(blk+1 |b̂k+1 )α̂k+1

≈ ηk+1

R
X
p(blk+1 |b̂jk+1 )

l
j=1 q(bk+1 |Ẑk+1 )

j
l
α̂k+1
= αk+1
,

(4.26)

The rst equation is just (4.24) restated. In (4.26) the probability of ea h belief sample

blk+1

for ea h belief sample

b̂jk+1

is

onsidered, regardless of whether

b̂jk+1

generated

blk+1 .

l
αk+1

in the equation above deviates from traditional parti le

ltering (refer to (4.24)). The

ontribution of ea h prior belief may have a signi ant

The evaluation of weight

impa t on the posterior probability of a belief and therefore the posterior distribution.
Sampling from the the posterior may then in rease the quality of the result signi antly
by better representing the a tual resulting probability fun tion. When sampling from
the posterior dire tly and not some other importan e sampling fun tion, there is no bias
in the sampling so the weight of ea h sample is the same. In parti ular, from (4.24),

p(blk+1 |Ẑk+1)
when

qbk+1 |Ẑk+1 = pbk+1 |Ẑk+1 ,

=

R
X
j=1

j
p(blk+1 |b̂jk+1 )α̂k+1
,

(4.26) redu es to

l
αk+1
= ηk+1 =

This

an be thought of just sampling

RT

1
.
RT

samples from a given probability fun tion.

However, it just so happens that the probability fun tion being sampled is generated
from a previous set of samples. The

omputational burden of reweighting therefore is

eliminated. This, unfortunately, does not alleviate the
with generating

pbk+1 |Ẑk+1 .

Be ause of the in reased
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omputational

ost asso iated

omputational burden in the sam-

pling and reweighting, the examples illustrated in Chapter 5 use the former approa h
of sampling from

qbk+1 |b̂k+1

instead.

In extremely large problems where
ostly to evaluate, the probability of

|Y| is

bk+1

prohibitively large, so that

pbk+1 |b̂k+1

an be approximated by a nite set of possible

observations, whi h are generated via an importan e sampling fun tion
a set of

M

sampled observations,

p(bk+1 |b̂k+1 ) ∝
≈
≈
In the rst equation

p(blk+1 |b̂jk+1 )
X

yk+1 ∈Y
M
X

m=1
M
X

qyk+1 |b̂k+1 .

For

an be approximated by

p(bk+1 |b̂k+1 , yk+1)p(yk+1|b̂k+1 )

m
m
p(bk+1 |b̂k+1 , yk+1
)p(yk+1
|b̂k+1 )
m
m
p(blk+1 |b̂jk+1 , yk+1
)p(yk+1
|b̂jk+1 )
m
q(yk+1
|b̂jk+1 )

m=1

p(blk+1 |b̂jk+1 ) is

is too

onditioned on

summation over the sampled set of observations

yk+1.

(4.27)

The se ond equation is just the

m
{yk+1
}M
m=1 .

Finally, (4.27) is obtained

by redu ing the ee t of the bias introdu ed by sampling the set of observations as was
done previously for the parti le lter. The approximated weight for the parti le

blk+1

be omes

l
αk+1

= ηk+1

≈ ηk+1

p(blk+1 |b̂jk+1 )
q(blk+1 |b̂jk+1 )

j
α̂k+1

M
m
m
X
p(blk+1 |b̂jk+1 , yk+1
)p(yk+1
|b̂jk+1 )

m=1

m
|b̂jk+1 )
q(yk+1

q(blk+1 |b̂jk+1 )

j
α̂k+1
,

where (4.27) is substituted into the rst equation to obtain the se ond equation. This
is pre isely the method used for the example in Se tion 5.1 where the observation spa e
omprises over 328,000 possible observations. The algorithm des ribing the
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omputa-

Algorithm 4 Hyper-parti
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:

le lter

R

Z̄ = HPF(Z ,n, T ,π ), where Z = {αi , bi }i=1
l←1
for j = 1, · · · , R do
j
predi t b̂ using the parti le ltering predi
j
j
α̂ ← α
for t = 1, · · · , T do
l
j
sample b̄ from q(·| b̂ )
l ←l+1

tion step

end for
end for
for l = 1, . . . , RT do
ᾱl ←

p(b̄l | b̂j ) j
α̂
q(b̄l | b̂j )

end forP

RT
l
l−1 ᾱ
l
15: normalize ea h ᾱ by αtot
l l RT
16: Z̄ ← {ᾱ , b }l=1
17: Z̄ ←HPF_resample(Z̄ ,n)
14:

αtot ←

18: return

Z̄

tion of one entire stage is given in Algorithm 4, where the algorithm for

HPF_resample

is given in Algorithm 5.
At this point, all that remains is to resample the hyper-parti le set. The resampling
essentially represents a random sampling from the posterior over the beliefs.

This

endows hyper-parti le ltering with the ability to sample based on the likelihood of the
out ome over the entire approximated hyperbelief, not just the prior of a single sample
(as is done in sample path simulation). Resampling performs two other fun tions: it
redu es the hyper-parti le degenera y (refer to [64℄) and limits the growth of the number
of hyper-parti les. Parti le degenera y o
represent low probability samples.

urs when, as time evolves, parti les

This is undesirable be ause it

in the representation of the true probability fun tion.

ome to

auses a skewing

Be ause there are a limited

number of parti les, these low probability samples take the pla e of some potential
higher probability samples. Resampling, thus, is performed to over ome this parti le
ltering artifa t.

Additionally, be ause multiple beliefs for the hyper-parti le set at
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Algorithm 5 Hyper-parti
1:
2:
3:
4:
5:

Z =HPF_resample(Z̄ ,n
Initialize df c to zero
for j = 1, · · · , RT do
cj+1 ← cj + ᾱj

8:
9:
10:
11:
12:

i←2
for j = 1, · · · , n
uj ← uj + j−1
n
while uj > ci
i←i+1

15:
16:
17:

RT

Z̄ = {ᾱi , b̄i }i=1

u1

from uniform density over

1
]
[0, RT

do
do

end while

aj ← n1
bj ← b̄i−1

13:
14:

), where

end for

6: draw initial sample
7:

le lter resample

end for

n

Z ← {αj , bj }j=1
return Z

stage

k+1

may be generated for ea h belief in the hyper-parti le set at stage

k,

the

resampling enables a xed number of beliefs to be sele ted to represent the approximated
hyperbelief.
Resampling is a pro edure whereby a new set of samples is generated from the
rent set of samples. Resampling is performed by generating the
fun tion ( df ) over the hyper-parti le set that is represented by
ing point in the

df is randomly generated in the range

of hyper-parti les desired. Then for

n

s=

umulative distribution

Zk

at stage

1
, where
n

samples, starting from

s

n

k.

in Algorithm 5.

A start-

is the number

and adding

1
for ea h
n

sample, the belief with the probability nearest the probability of the sample is
Finally a weight of

ur-

hosen.

1
is assigned to ea h new hyper-parti le. This pro edure is outlined
n

The only major dieren e between the hyperltering resampling in

Algorithm 5 and parti le ltering resampling (as des ribed in Algorithm 2), is that the
number of resulting hyper-parti le samples is spe ied as an input, whereas the partile ltering resampling algorithm generates the same number output samples as in the
number of samples in the input parti le set.
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Hyper-parti le ltering is more than just a sequential implementation of sample
path simulation.

Hyper-parti le ltering samples from the posterior over the beliefs

generated from the approximated hyperbelief. Sample path simulation, on the other
hand, samples a single observation from ea h prior belief. By sampling from the posterior over the belief, a more a
an be obtained.

urate representation of the next stage's hyperbelief

Moreover, by representing the evolution of the system as a proba-

bility fun tion instead of a single sample, hyper-parti le ltering outperforms sample
path simulation, as will be demonstrated in Chapter 5.

More surprising is that, de-

pending on the importan e sampling fun tion, the hyper-parti le lter a hieves a more
pre ise estimate at a lower
omputational time

omputational time

omplexity or at worst with the same

omplexity.

4.3.2 Hyper-parti le ltering algorithmi
The goal of this resear h is to

omplexity

reate an e ient method for approximating future hy-

perbeliefs in a partially observed sto hasti

system.

The method has been outlined

and des ribed, but it still remains to establish the algorithmi

omplexity of this ap-

proa h. The method, as des ribed, is quite exible. In fa t, it will be shown that the
method varies, depending on the

O(QRT K ),

where

K

hoi e of performan e parameters, from

is the time horizon,

R

O(KRQ)

to

is the number of hyper-parti les, and Q is

the number of parti les approximating the belief (via parti le ltering).
The generation of new hyper-parti les is nested in two for loops (as seen in Algorithm 4). Within the rst loop there is the parti le ltering predi tion stage, whi h
generates a new belief under the

ontrol poli y taking

O(QL)

time, where

Q

number of parti les in the belief representation and the parti le sampling takes

is the

O(L)

time for ea h sample. The sampling of new hyper-parti les is performed next, in the
se ond loop, for whi h there are

T

samples to be generated and weights to be updated
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for ea h of the
where

M

R

initial hyper-parti les.

RT

O(R(QL + MT ))

hyper-parti les whi h takes

O(RT (QL + M))

time. The reweighting o

O(Q) time.

time. The out ome of this step is then sent to the resampling algodf over over the hyper parti les.

A new set of new hyper-parti les is then sampled from the
time where

V

df. This entire pro ess takes

is the number of hyper-parti les. Be ause the input to the resam-

pling method takes the new set of hyper-parti les,

V = RT .

When

omplexity per stage, in luding all of these elements, be omes
This

K

Assuming that there are

stages.

nk−1
k,

taken to rea h stage

time taken to rea h stage

k,

ombined, the total

O(RT (QL + M)).

omplexity des ribed is for a single stage. The issue is how this method per-

forms when nested for

gk (·),

urs next for ea h of

Thus, to this point, the algorithm takes

rithm. The resampling pro eeds by rst generating the

O(V )

O(M ),

an vary depending on the importan e sampling fun tion used, the entire

sampling pro ess takes
the

Assuming that the sampling takes

This result depends on the desired performan e.

hyper-parti les at stage

k − 1,

an be expressed in terms of

k − 1,

in addition to the

the

omputational time,

gk−1(·),

the

omputational

omputational time taken at stage

or

gk (L, R, T, Q, M) = c1 nk−1 T (QL + M) + c2 gk−1(L, R, T, Q, M),
where

c1

and

c2

are just some

hyper-parti les, then there
from the rst stage to the

onstant terms. Assuming the algorithm starts with

ζk =

k 'th

Qk−1
i=1

ni

hyper-parti les at stage

stage, the total

gK (L, R, T, Q, M) =

K
X
k=1
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k.

Expanding

R

gk (·)

ost be omes

ζk T [c3 T (QL + M)].

(4.28)

If

nk

is dened as always being a

onstant number regardless of the input, (4.28) redu es

to

const
gK
(L, R, T, Q, M) =

K
X

c3 RT QM = c3 KRT (QL + M) = O(KR(QL + M)),

k=1

where

c3

is a

onstant. However, if

the previous stage, then at stage

max
gK
(L, R, T, Q, M) =

nk

is allowed to grow un onstrained, or by

k , ζk = RT k−1

K
X

T

times

so the growth be omes exponential:

c3 RT k−1 T (QL + M) = O((QL + M)(nT )K ).

k=1

When

T

stays

onstant and both

eliminated from
hyper-parti les of

L

and

M

take

onstant time,

T , L,

onsideration to obtain a lower bound based on a

O(KQR)

and an upper bound of

O(QRT K )

and

M

an be

onstant number of

when no restri tion is

pla ed on the growth of the number of hyper-parti les.
When sampling from

qbk+1 |Ẑk+1 ,

the probabilities of a belief being generated from all

other beliefs are evaluated. This should enhan e the a

ura y of the result. However, it

does ome with an in reased omputational omplexity. Generating
time. Then a set of

RT

samples are drawn from

and the reweighting takes
of

O(R2 T Q).

O(LQR2 T )

qbk+1 |Ẑk+1 ,

whi h takes

time, resulting in a worst

For a given time horizon the algorithm takes

number of hyper-parti les remains xed at

R.

However, if

importan e sampling fun tion, the sampling takes

O(LR|Y|Q),

sampling

O(KLR2 Q)when

at ea h stage.

pbk+1 |Ẑk+1

is generated

O(RT )

The reweighting redu es to

1
(as dis ussed above), thus, the
RT

The total time
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the

is used as the

an be performed dire tly on the posterior taking

onstant time as the weight of ea h parti le is just

O(LR|Y|Q)

time,

M = O(LR|Y|Q)) time, where |Y| is

time via a method similar to the resampling algorithm.

method takes

O(MRT )

ase running time

pbk+1 |Ẑk+1

the number of possible observations. If the entire posterior over
taking

Ẑk+1 takes O(LRQ)

omplexity up to stage

K

for a xed

R

number of hyper-parti les then results in a

Moreover, if the transition probability fun tion is

O(KLR|Y|Q)

hosen as the importan e sampling

fun tion used for the parti le ltering algorithm, the sampling takes
The entire pro ess then has a
As a

O(K|X |R|Y|Q)

running time.

omputational

L = O(|X |)

omplexity.

omparison to sample path simulation, the exa t solution takes,

O(M +|X |2 ) to

generate a new sample. However, if parti le ltering is performed, it takes
time. If the system is simulated to stage

k

it takes for

R

time.

samples, the

O(M + QL)
omplexity is

O(kR(M +QL)) and simulating all stages up to a given horizon takes O(K 2R(M +QL)).
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5 RESULTS
5.1 Prototypi al Two-Dimensional Example
To demonstrate the

on ept of the hyperlter and, in parti ular, the ee tiveness of

the hyper-parti le lter, a representative,
parti le lter te hnique. This example

omplex system is analyzed using the hyper-

omprises a set of 10 000 possible states, a set of

eight possible a tions, and a set of 328 420 possible observations. A substantial amount
of un ertainty exists in both the transition probability fun tion and the observation
probability fun tion. Su h a problem is immense by the standards of the problems in
the literature (e.g., [6873, 99104, 106℄).
In this example, the
dis rete

100 × 100

workspa e

W,

obsta le spa e,

ontinuous state spa e (a subset of

R2 )

is approximated by a

grid, whereby the system evolves in this dis rete two-dimensional

where the spa e

Wobs .

W

onsists of two sets: the free spa e,

For this simple example, Figure 5.1 illustrates

portion of the grid spe ies

Wf ree ,

Wobs .

It is assumed that

Moreover, the interior boundary of the free spa e is spe ied as

p(xk+1 | xk , uk ),

urrent state, and
for the evolution

where

uk ∈ U

k to stage k+1 a

xk+1 ∈ Wf ree

is the

The white

Wf ree ∩ Wobs = ∅.

∂Wf ree .

onsists of the elements of the spa e that are adja ent to any point in

fun tion

W.

and the

whi h is also the state spa e of the system, whereas

the bla k portion of the grid indi ates

The system evolves from stage

Wf ree ,

Here,

∂Wf ree

Wobs .

ording to the transition probability

is the next state,

xk ∈ Wf ree

ontrol a tion. In parti ular, the

is the

ontrol a tion set

omprises the quantum set of movements to any of the eight adja ent

neighbors (i.e., north, northwest, west, and so forth). The transition fun tion distributes
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x

g

Figure 5.1: Example state spa e

the probability over a subset of a
obsta les into a
a

5×5

grid around the

urrent lo ation. Taking the

ount, the probability spreads out in the dire tion of the a tion and

umulates on the boundary of

Wf ree .

The robot is equipped with two types of sensors to per eive the world:

onta t and

distan e measurement. Additionally, it is assumed that the robot knows its orientation
with respe t to the global frame at every stage. This is assumed to be known through
the impli it use of a
enters

∂Wf ree .

ompass. There is one

it reports true w.p.

0.1

0.8

and false w.p

and false w.p.

There are a set of four distan e sensors
the distan e

c, indi

ating when the robot

More pre isely, if the robot is adja ent to an obsta le the

reports true with probability (w.p.)

∂Wf ree

onta t sensor,

dl (x)

in ea h of the

the shortest distan e from the
along some linear traje tory.

0.2.

onta t sensor

Otherwise, if the robot is in

0.9.

L = {north, south, east, west}

ardinal dire tions. A distan e sensor

measuring

l∈L

measures

urrent lo ation of the robot to the boundary of
However, the sensor has a nite range

Rmax .

∂Wf ree
Just as

the state is a dis rete representation, the distan e sensor has a nite set of values,
ea h mapping a portion of the line segment to the boundary of the state spa e. The

61

distan e measurement is

orrupted by additive noise; the noise varies based on the

distan e along the senor's traje tory and hen e, it is dependent on the state of the
robot.

The noise is modeled as a dis rete approximated Gaussian.

The varian e of

the noise is proportional to the distan e to the boundary. The varian e of

3

dl (x) 5

was

hosen be ause it is a nonlinear fun tion of the distan e and the un ertainty of the
measurement has moderate growth as the distan e in reases.
probability mass fun tion (pmf ) for the distan e measure
workspa e

W,

yl ,

Then the

onditional

given the state

x

and

be omes

1

−

pl (yl |x) = η q
e
3
2πdl (x) 5

(yl −x)2
2dl (x)3/5

,

where

η=

D
max
X
y=0

1

−

q
e
3
2πdl (x) 5

(yl −x)2
2dl (x)3/5

.

Essentially, ea h distan e sensor is an approximation of ultrasoni

sensors that are

typi ally employed on most " an" type robots; and in this example it is assumed that
the robot has a

olle tion of four of distan e sensors that en ir le the robot.

typi ally there is some
ea h

l∈L

orrelation with ultrasoni s and IR sensors, it is assumed that

is independent of the other distan e sensors

Together sensors

c

and

L

onditioned on the state.

dene the observation spa e of the robot. Be ause all the

sensors are independent, the observation pmf of the

[yc , ynorth , · · · yeast ]

While

ombined readings

yk =

is given as

p(yk |xk ) = p(yc |xk )p(ynorth |xk ) · · · p(yeast |xk ).
and

p(xk |xk−1 , uk−1)

system for ea h observation

yk , next state xk ,

Combined

This

p(yk |xk )

ombinatorial representation

spe ify the probabilisti
urrent state

xk−1 , and

evolution of the
ontrol a tion

uk−1.

omes with some signi ant drawba ks. Namely, the
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number of ases that must be evaluated to generate the entire transition and observation
models is more than a simple hindran e. Instead, hyper-parti le ltering will be utilized
to approximate the evolution of the system.
The poli y employed for this simple example

omprises an event-based

The events are dened over observation spa e and a subspa e of

N

ontroller.

orresponding to a

representation of a number of stages. The events represent some tangible observation
set that has some physi al meaning in the workspa e
represents the probability of being in
probability that the robot is in
dire ted sensor

psouth

within a

The events are daisy
layer. However, the

For instan e, one event

onta t with the south wall by evaluating the

onta t

pc

and the probability of the robot's south

ertain range of the predi ted position of the robot.

hained, representing an open-loop poli y at the event to event

ontrol poli y asso iated with ea h event, whi h o

to belief layer, is either open-loop or
approa h that

Wf ree .

losed-loop. Ea h

losed-loop poli y is a greedy

hooses the next a tion that maximizes the probability that the next

event triggers. Whether open-looped or

losed-loop, the

ontrol poli y relating to ea h

event is exe uted until the next event is triggered. The events
timed, a

urs at the belief

onsist of three types:

umulation and timed, and instantaneous and timed. For timed events, the

poli y is exe uted for a duration not ex eeding some predetermined number of stages.
A

umulation and timed events a

umulate the probability of some event happening.

When the probability ex eeds some threshold or the given number of stages elapse, the
event triggers. The probability of an event o

urring by the

urrent stage is

omputed

as

piter (k) = piter (k − 1) + [1 − piter (k − 1)]pevent ,
where

piter (k)

is the probability of the event o

probability of the event of interest o
events trigger when a

urring

at

urring

stage

k.

by

stage

k

and

pevent

is the

The instantaneous and timed

ertain probability threshold is ex eeded at a parti ular stage or
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Figure 5.2: Event graph

when the predetermined maximum number of stages has elapsed. The goal of the poli y
is to dire t the robot to the goal position

xg = [33, 69].

The event graph is illustrated

in Figure 5.2. For ea h event in the gure the node indi ates the sensing triggers and
the type of event. The event triggers are any

ombination of North (N), South (S),

East (E) and West (W) and the event type may be instantaneous and timed (i),
a

umulation and timed (a), or a timed (t). Essentially, the poli y attempts to dire t

the robot southwards until it dete ts that it is in
Upon triggering the event, the

onta t with a southern boundary.

ontrol poli y dire ts the robot east until it dete ts it is

at a eastern boundary. After dete ting

onta t with the eastern boundary, the robot is

dire ted to the northern boundary, the robot then moves toward to a western boundary.
The robot then heads south for a xed duration. Next, the robot is dire ted south-east
with an open loop until it dete ts an eastern boundary. The robot then moves south
until it per eives an open gap to the east. Finally, the robot attempts to

enter itself

between a northern and southern boundary.
The results for two dierent simulations, whi h were generated with MATLAB, for
this example are depi ted in Figures 5.3 and 5.4. In the former, there are 10 hyperparti les ea h with 10 parti les, whereas the later
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omprises 50 hyper-parti les with 100

(a) Stage 1

(b) Stage 27

( ) Stage 229

(d) Stage 287

(e) Stage 384

(f) Stage 575

Figure 5.3: Results for the example: 10 hyper-parti les
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(a) Stage 1

(b) Stage 12

( ) Stage 179

(d) Stage 233

(e) Stage 309

(f) Stage 2785

Figure 5.4: Results for the example: 50 hyper-parti les
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parti les a pie e. For both simulations, ea h hyper-parti le is represented over
a set of parti les that are

Wf ree

as

olored to identify to whi h of the hyper-parti les the parti le

set belongs. The evolution of the system through a progressive number of iterations
is depi ted by Figure 5.3(a)-(f ) and Figure 5.4(a)-(f ) for the example with 10 hyperparti les and 50 hyper-parti les, respe tively.

Initially, the simulations begin with a

uniform probability of being lo ated anywhere in

Wf ree

as portrayed at Figure 5.3(a)

and Figure 5.4(a). The pro ess terminates as shown at Figure 5.3(f ) and Figure 5.4(f )
when ea h hyper-parti le has rea hed the termination event, whi h may o

ur after a

maximum number of iterations or when the hyper-parti le triggers that the system is
between a northern boundary and southern boundary.
In parti ular at Figure 5.3(a), the system is initialized and all the hyper-parti le
sets are in event
event

e2

e1 .

Then at Figure 5.3(b) several of the hyper-parti les transition to

and head toward the southeast

northern

orner of the state spa e. Having rea hed the

orner at Figure 5.3( ) one of the hyper-parti les transitions into

the all but one of the remaining parti les are

urrently in event

several of the events have transitioned into event
the remaining are in event
is in event

e3

e5

e3 .

e4 ,

while

At Figure 5.3(d),

and are dire ted westward, while

and are still moving north. One of the hyper-parti le sets

e10 and attempting to lo

alize between the northern and southern boundaries

at Figure 5.3(e). Also, in Figure 5.3(e) one hyper-parti le set is in event

e8

moving to

the southeast until it re ognizes being at an eastern boundary. Still other of the hyperparti le sets are in event

e6 ,

trying to lo alize the robot in the

the hyper-parti les are in event

e10

and terminate at Figure 5.3(f ).

Be ause events may trigger when the a
for the

orner. Finally, all of

umulated probability rea hes a threshold

hosen poli y, it is possible that even though the hyper-parti le may not have

rea hed the desired obje tive, the robot will be

onvin ed it has with probability greater

than the desired threshold. In su h situations, the robot did not a hieve the desired
obje tive so that the event-based

ontrol poli y dire ts the robot in an undesired manner
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Average reward and standard devation
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Figure 5.5: Results for a varying number of hyper-parti les

so that the robot be omes lost and wanders through the spa e.

This illustrates the

limitations of the poli y employed and not of the hyper-parti le ltering method. What
is important is that su h unlikely events present themselves when a greater number of
hyper-parti les are employed to des ribe the system. Su h situations, even though they
happen with low probability,

an have a dramati

impa t on the performan e of the

system as ea h hyper-parti le set that does not rea h the goal is penalized with a lower
reward.

Thus, as the number of hyper-parti les in rease, the quality of the solution

be omes more a

urate even if the reward de reases.

To understand to what extent the a

ura y of the predi ted performan e is ae ted,

an examination of this example was performed in order to determine the ee t on the
performan e as the number of parti les and hyper-parti les samples vary. The

onvex

sum of the entropy (as des ribed in [114℄) and squared L2-norm from expe ted position
to the goal

xg

was

hosen as the obje tive fun tion be ause it in orporates both a

measure of the un ertainty and a measure of the distan e of the robot to the goal state.
The results illustrated in Figure 5.5 depi t the average reward over the set of iterations as well as the standard deviation in the reward for a varying number of hyper-
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Average reward and standard deviation
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Figure 5.6: Results for a varying number of parti les

parti les, with ea h hyper-parti le represented by a parti le set with 100 parti les. In
Figure 5.6 the performan e is evaluated for a xed number of 50 hyper-parti les and a
variable number of parti les represented ea h hyper-parti le.
Interestingly, as

an be seen in Figure 5.6, the

ti les in reases. This result is logi al

ost in reases as the number of par-

onsidering the representation. When there are

fewer parti les, the probability fun tion is represented by a small set of points, artiially making the probability fun tion appear more

ondensed and, hen e, more

ertain.

However, as the number of samples in reases, the representation of the probability fun tion be omes more a

urate and the un ertainty present in the system be omes better

represented, whi h is ree ted in the expe ted reward.
Be ause a signi ant amount of variation exists in the problem (as illustrated at
Figure 5.4 by the probability fun tions at the terminal stage), the standard deviation is
rather large and only appears to

onverge for more than 60 hyper-parti les. However,

as will be demonstrated below in Se tion 5.2, the hyper-parti le ltering approa h
onverges qui kly as the number of hyper-parti les in reases and, more importantly,
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the standard deviation of the hyperltering approa h is signi antly less than that of
sample path approa hes.
This example was

hosen not only to demonstrate the ee tiveness of the hyper-

parti le ltering method but to a

ess its appli ability in evaluating event-driven poli-

ies. While in this example the poli y is given, future resear h will use hyperltering
to aid in determining poli ies automati ally. In future resear h event-driven poli ies,
like the one used in this example, will be sear hed to nd nearly optimal poli ies for
POMDP systems.
Additionally, this example highlights the importan e of information. In te hniques
where the future observation is not taken into a

ount, the probability fun tion over the

spa e diuses as time progresses. However, by taking into a

ount the future unseen

observations, that probability fun tion over the spa e does not diuseat least as
rapidlyin this example.

5.2 Comparison Examples
In addition to the example above, an exhaustive evaluation of the performan e of the
hyper-parti le ltering method was performed for three representative problems. The
problems vary dramati ally in size:

• 4×4

grid:

omprising a set of 16 possible states, a set of 2 possible observations,

and a set of 4 possible a tions

• Hallway2 :

omprising a set of 92 possible states, a set of 17 possible observations,

and a set of 5 possible a tions

• Tag :

omprising a set of 870 possible states, a set of 30 possible observations, and

a set of 5 possible a tions
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and were

hosen to demonstrate how the hyper-parti le ltering method performs as

the size of the state spa e and observation spa e vary.
To obtain a meaningful analysis of the quality of the hyper-parti le ltering te hnique, the performan e of ea h example was evaluated relative to the optimal or nearlyoptimal poli y for the obje tive fun tion asso iated with ea h problem. In ea h of these
examples the obje tive fun tion is the sum of a dis ounted expe ted total reward at
ea h stage:

K
X
R(b1 ) = lim E[
γ k r(xk , uk )|y1],
K→∞

where

K

r(·)

is a state and

k=1

ontrol dependent reward fun tion,

is the time horizon (K is

γ

is the dis ount fa tor,

hosen to be large to approximate the innite time horizon

assumed for ea h of these problems). For the

4x4

example, the optimal solution was

found using the In remental Pruning method des ribed in [98℄ using pomdp-solve [115℄.
Unfortunately, the other examples (i.e.,

Hallway2

and

Tag ) are too large to nd exa
,

solutions so an approximate solution was found using zmdp [116℄

t

whi h implements

the HSVI algorithm of [71℄.
The performan e is evaluated by nding the statisti al average of the expe ted
total reward and standard deviation of the expe ted total reward taken over series of
simulations (30 iterations for

4 × 4 and Hallway2

and 10 iterations for

Tag ).

For the

hyper-parti le ltering method, the expe ted total reward is obtained by evaluating the
expe ted value of the reward over the hyperbelief at ea h stage.

5.2.1 Comparison of the examples for a variety of
hyper-parti le and parti le samples
For ea h of the examples, a parti le ltering approximation of the belief is employed
and simulations are performed to

ompare the ee t of parti le ltering on the pre ision

of result. This allows not only the ee t of just the variation in the number of hyper-
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parti les to be fully evaluated but also the ee t of the variation in the number of
parti les.

As

an be seen in Figure 5.7 the reward and varian e qui kly

onverge as

the number of hyper-parti les in rease. The ee t of the number of parti les seems to
be inuential as well, but the impa t/benet drops o signi antly as the number of
parti les in reases. This may be a result of the small amount of noise the systems are
subje t to, unlike the example above in Se tion 5.1.
It is also interesting to note that the quality of the approximation stabilizes for just
a few parti les and hyper-parti les. This may imply that, for problems with relatively
small numbers of possible observations and states, only a small number of parti les and
hyper-parti les are needed to obtain reasonable results.

This

ontrasts dramati ally

with the example in Se tion 5.1, where there are a set of 10 000 possible states and
a set of 328 420 possible observations for whi h the reward and varian e did not display any substantial

onvergen e until a relatively large number of hyper-parti les and

parti les were used. This may be an indi ator that the number of hyper-parti les and
parti les needed are more of a fun tion of the un ertainty than the size of the state and
observation spa es.

5.2.2 Comparison of the hyper-parti le ltering te hnique to
sample path simulation
While hyper-parti le ltering and sample path simulation have some aspe ts in ommon,
i.e., randomly sampling beliefs, they are fundamentally dierent approa hes. Moreover,
hyperltering via hyper-parti le ltering enables various other aspe ts of the predi tion
of the behavior or a system to be explored that sample path methods are in apable
of performing.

Namely, hyper-parti le ltering enables a

the behavior at ea h stage as well as how the behavior
next.

Regardless, a

omparison

omplete understanding of

hanges from one stage to the

an be made between the two when evaluating the

performan e of a system for a spe i

obje tive fun tion at a spe ied time horizon.
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Figure 5.7: Average reward and standard deviation
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Figure 5.8: Comparison of sample path methods to hyper-parti le ltering

Su h analysis is used often in POMDP resear h to evaluate the performan e of a poli y.
To reiterate, the hyperlter is a tool developed for the sequential evaluation of the
estimate of the system and its un ertainty from stage to stage, unlike sample path
methods whi h are used to evaluate an obje tive fun tion for a given time horizon.
To make an equitable

omparison, both approa hes are evaluated based on results in

onjun tion with the amount of time to to evaluate the system for the spe ied time
horizon. The results illustrated in Figure 5.8, where the full belief was used to represent
ea h hyper-parti le,

learly demonstrate the superiority of the hyper-parti le ltering

approa h.
The reason for the impressive performan e dieren e between a simple sample path
evaluation and that of the hyper-parti le lter is likely the produ t of two ee ts. First,
the hyper-parti le lter evaluates the reward over the approximated hyper-belief at ea h
stage. The sample path method on the other hand just evaluates the average reward
for ea h sample path. In this way, by

onsidering a probability fun tion over the belief
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Table 5.1: Number of redundant hyper-parti les

4×4

Hallway2
a more a

5

10

20

3.17

4.97

5.17

5.37

5.57

5.77

5.97

6.17

6.37

1.23

3.12

7.03

12.37

17.27

22.88

29.17

35.19

43.17

urate representation

30

40

50

60

70

80

an be found by taking the expe ted value over the

beliefs instead of just taking the average of ea h sample in sample path approa hes.
Se ondly, the hyper-parti le lter evaluates the probability of ea h new hyper-parti le
by evaluating over the posterior given the approximated prior hyperbelief. By doing
this, a more a

urate representation of the posterior

an be evaluated be ause the next

stage hyper-parti le samples are generated based on the posterior of the hyperbelief
for whi h the redundan y in the hyper-parti le has a signi ant impa t. For instan e,
Table 5.1 shows the number of redundant hyper-parti les. The number of redundant
hyper-parti les grows with the number of hyper-parti les, implying that a more a

urate

representation of the posterior is generated as more likely beliefs are sampled more
frequently, generating a higher weight, or probability, asso iated with the beliefs.

5.2.3 Comparison of the ee t of the number of intermediate
hyper-parti le samples on the performan e
For several of the examples, simulations were run for a variety of number of parti les,
hyper-parti les, and intermediate hyper-parti le samples. In ea h

ase the number of

hyper-parti les is xed from stage to stage, so there is no growth in the number of
hyper-parti les at ea h iteration. However, there may be an in rease in the number of
intermediate hyper-parti les between stages as a number of intermediate hyper-parti les
may be sampled for ea h hyper-parti le in the
parti le set (refer to Algorithm 4).

urrent set to generate the future hyper-

Be ause a better representation of (4.18) should

be attained with a greater number of intermediate hyper-parti les, the inuen e of the
number of intermediate hyper-parti les was deemed worth investigating.

75

Variation of the average reward
3.8

1x hyper−particles,10 particles
1x hyper−particles,50 particles
1x hyper−particles,100 particles
5x hyper−particles,10 particles
5x hyper−particles,50 particles
5x hyper−particles,100 particles
10x hyper−particles,10 particles
10x hyper−particles,50 particles
10x hyper−particles,100 particles

3.75
3.7
3.65

reward

3.6
3.55
3.5
3.45
3.4
3.35
3.3

0

5

10

15

20

25
hyper−particles

30

(a) Results for the

35

4×4

40

45

50

example

Variation of the average reward
0.9

1x hyper−particles,10 particles
1x hyper−particles,50 particles
1x hyper−particles,100 particles
5x hyper−particles,10 particles
5x hyper−particles,50 particles
5x hyper−particles,100 particles
10x hyper−particles,10 particles
10x hyper−particles,50 particles
10x hyper−particles,100 particles

0.85
0.8
0.75

reward

0.7
0.65
0.6
0.55
0.5
0.45
0.4

0

10

20

30

40

50

60

70

hyper−particles

(b) Results for the Hallway2 example

Figure 5.9: Average reward for a varying number of intermediate samples

76

Variation of the standard deviation of the reward
0.8

1x hyper−particles,5 particles
1x hyper−particles,25 particles
1x hyper−particles,50 particles
5x hyper−particles,5 particles
5x hyper−particles,25 particles
5x hyper−particles,50 particles
10x hyper−particles,5 particles
10x hyper−particles,25 particles
10x hyper−particles,50 particles

0.7

standard deviation

0.6
0.5

0.4
0.3
0.2

0.1
0

0

5

10

15

20

25
30
hyper−particles

(a) Results for the

35

40

4×4

45

50

example

Variation of the standard deviation of the reward
0.4

1x hyper−particles,10 particles
1x hyper−particles,50 particles
1x hyper−particles,100 particles
5x hyper−particles,10 particles
5x hyper−particles,50 particles
5x hyper−particles,100 particles
10x hyper−particles,10 particles
10x hyper−particles,50 particles
10x hyper−particles,100 particles

0.35

standard deviation

0.3

0.25

0.2

0.15

0.1

0.05

0

0

10

20

30

40

50

60

70

hyper−particles

(b) Results for the Hallway2 example

Figure 5.10: Standard deviation in the reward for a varying number of intermediate
samples
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The results of the simulations of the

4×4

and

Hallway2

examples for various

number of intermediate samples are depi ted in Figures 5.9 and 5.10, where the former
illustrates the average reward over the series of simulations, and the latter, the standard
deviation of the reward over the series of simulations. In these examples, the beliefs are
approximated by a parti le set generated via the parti le ltering method des ribed in
Se tion 3.3. As

an be seen in the

4 × 4 example the standard deviation shows a modest

improvement with the in reased number of intermediate hyper-parti les. However, in
the

Hallway2

example, the number of intermediate hyper-parti les appears to have

little to no dis ernible impa t. This is

ontrary to the initial hypothesis. Be ause the

example problems are subje t to only a small amount of noise, it is possible that the
in rease in the resolution of the probability fun tion is insigni ant and does greatly
ae t result of the resampling stage.

5.2.4 Experimental results on the running time of the
hyper-parti le ltering algorithm
The average running time for ea h for the variety of number of hyper-parti le samples,
parti le samples, and intermediate hyper-parti le samples is illustrated in Figure 5.11.
The running time grows linearly in both the number of hyper-parti le samples as well
as the parti le samples

onrming the running time established in Se tion 4.3.2.
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Figure 5.11: Average running time
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6 CONCLUSION
6.1 Dis ussion
To my knowledge, this is the rst attempt to provide a method to predi t the ee t
of partially observed systems by a forward sequential method via the evolution of the
probability fun tion over the beliefs. As dis ussed in Se tion 4.1, there are numerous
situations where su h a formulation for the forward sequential synthesis of system are
useful if not advantageous.
The various methods

urrently used in the literature either dis ard the observation

pro ess entirely (as done in [76, 78℄) or perform sample path simulation, whereby a
series of sample paths are generated and the ensemble average is taken to estimate the
behavior of a system. Alternatively, the behavior is just predi ted one state into the
future using forward proje tion te hniques (refer to [79℄). Another method, whi h is
popular in

ontrol theory for optimization is model predi tive

the evolution of the system without

ontrol, whi h predi ts

onsidering the ee t of the un ertainty in the

system (see [77℄). To generate more robust plans, resear hers employed minimax optimization by bounding the un ertainty and then optimizing the minimax reward around
the expe ted result in [117119℄. These methods perform worst- ase analysis through
ba kward-based simulation, not forward-based simulation.

Alternatively, for hybrid

systems that are pie ewise linear Gaussian systems, all the parameters relating to the
evolution of a system up to a given stage
As dis ussed previously,

an be expli itly represented (e.g., [120, 121℄).

losed-form solutions for the representation from stage to stage

are elusive for most problems. These te hniques utilize multiparametri
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programming

to then nd a

ontrol poli y. Unfortunately, multiparametri

programming is NP-Hard

for general nonlinear problems.
Sample path simulation is a forward-based method, whereby a set of sample paths is
generated from an initial stage to some spe ied future stage. However, this unappealing possibility generates geometri

growth in the

omputational

omplexity for ea h

additional stage evaluated, assuming there are only a nite number of sample paths.
Evaluating every possible sample over again just to simulate the system an additional
stage requires quadrati

time

omplexity in the number of stages to be evaluated. Thus

this iterative approa h is redundant and wasteful: none of the results are retained from
stage to stage.
Avoiding redundan y in the reevaluation of the system from stage to stage is
paramount if a method is to be developed that pro eeds in an e ient manner.

A

reasonable alternative to this iterative s heme is to pursue a forward-based sequential
method. By maintaining a representation of the probability fun tion dened over the
belief at ea h stage, hyperltering is su h a sequential forward-based method.
However, while redu ing the redundant reevaluation from one stage to the next, the
representation of the probability fun tion over the belief may require a nite number
of parameters, whi h

an potentially grow as the produ t of the

urrent number of pa-

rameters and the number of observations at ea h stage. While hyperltering eliminates
one sour e of the exponential growth in the

omputational time

omplexity, the growth

in the number of elements that represent the probability fun tion between stages
be ome burdensome requiring a

omputational time

an

omplexity that is exponential for

a given time horizon. Hyperltering has the potential to evaluate systems where there
are an un ountable number of sample paths.
Sample path simulation methods alleviate this

omputational burden by simulating

only a nite set of the possible sample paths to evaluate the ensemble average behavior
of the system, yet, this method itself is not performed sequentially; the method still
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is redundant, requiring the evaluation of all previous stages to simulate an additional
stage and still has an exponential time
does it represent the probabilisti

omplexity in the time horizon. Moreover, is a

evolution from one stage to the next.

The hyper-parti le ltering approximation method is introdu ed to redu e the

om-

putational burden that arises from the potential growth in the number of parameters
representing the probability fun tion over the belief. Hyper-parti le ltering is based on
parti le ltering, however, hyper-parti le ltering approximates the probability fun tion
over the belief spa e, whereas parti le ltering approximates the evolution of a probability fun tion over the state spa e.
Hyper-parti le ltering is more than just a sequential implementation of sample path
simulation. Hyper-parti le ltering samples from the posterior over the beliefs generated from the approximated hyperbelief. Sample path simulation, on the other hand,
samples a single observation from ea h prior belief.
over the belief, a more a

By sampling from the posterior

urate representation of the next stages hyperbelief

an be

obtained. While in some respe ts, sample path simulation and hyper-parti le ltering
appear similar, they are fundamentally dierent approa hes. Hyper-parti le ltering is
an approa h to approximating the probability fun tion over the belief at ea h stage,
whereas sample path simulation generates a series of sample paths to a given stage.
Still, there are some algorithmi

similarities: both generate random samples and both

are forward-based methods.
By treating the sample set as an approximation over the belief spa e at the

urrent

stage and sampling from the posterior at ea h stage, the hyper-parti le lter redu es
degenera y and fo uses the sampled set on the more likely future beliefs.

Sample

path simulation methods la k this feature entirely and any unlikely sample paths are
never eliminated.

Moreover, when analyzing the performan e for a given obje tive

fun tion, the reward at ea h stage is taken as the expe tation over the hyper-parti le
set, unlike sample path methods, where the reward for ea h simulation is the reward
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of the path.

Be ause of these dieren es, the hyper-parti le lter outperforms the

sample path approximation te hnique even when
to a given obje tive at a spe i

onsidering the performan e relative

horizon as outlined above as shown in Se tion 5.2.

Moreover, hyper-parti le ltering a hieves this with a

omputational time

omplexity

less than or equal to sample path methods for simulating the evolution to a parti ular
stagedepending on the sampling fun tion employed.
Re ently, resear hers have sampled the belief spa e to obtain feasible/rea hable
beliefs to redu e the

omputational burden of nding nearly optimal poli ies (e.g.,

[6972, 101℄). Relating more spe i ally to the hyper-parti le ltering approximation,
these approa hes sample a feasible set of the belief spa e by generating a random set of
belief samples in the belief spa e. However, these methods negle t to retain probabilities
asso iated with ea h sample and instead are used to dis retize the belief spa e into a
meaningful nite set, they also fail to address the fundamental sequential nature that
arises when a probability over the belief is evaluated forward over multiple stages. Like
these methods, however, hyperltering only requires the ee t of the possible beliefs as
represented by the hyperbelief at ea h iteration. This is an important point and is one
of the motivations for this resear h.

6.2 Potential Appli ations
By applying hyperltering,

ontrol poli ies

an be more a

urately assessed and

an be

evaluated from on future state to the next. These aspe ts of hyperltering may prove
useful for a variety of appli ations.
By evaluating the evolution of the hyperbelief instead of a spe i

measure, it is

possible to understand the full ee t a poli y has on the evolution of a system. Moreover,
the interesting possibility exists to use hyperltering to enhan e the planning
a hieved by model predi tive

urrently

ontrol te hniques, su h as [118121℄. By generating the
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hyper-belief at ea h stage a more a

urate measurement of the performan e

an be

estimated for a given time horizon.
The importan e of information in planning and estimation has been understood for
quite some time (as dis ussed in [32,88℄). However, only re ently have resear hers begun
to address to what extent and to what degree information is useful (e.g., [17, 106, 122℄).
These resear hers are attempting to understand the ee t of sensing limitations on the
ability of a robot to a hieve
given sensing
sto hasti

ertain tasks as well as what tasks

apabilities. Hyperltering is an ideal tool for analyzing these issues for

systems.

stage, hyperltering

By representing the probability fun tion over the beliefs at ea h
an be employed to analyze the ee t of observations on evolution

of the system. In addition, hyperltering
answer queries regarding how sensing
whi h sensing

an be a hieved for

an be used through algorithmi

analysis to

apabilities ae t the evolution or even to dis ern

ongurations are su ient to obtain a desired obje tive.

Besides the potential appli ation of determining the utility of information, the hyperltering te hnique may be useful in nding nearly optimal solutions for POMDP
systems. There are various methods to approximate POMDPs to nd nearly optimal
solutions by redu ing the set of possibilities explored in luding:

onsidering only a

subset of the points in belief spa e that need to be sear hed and by

onsidering only

a subset of the possible poli ies. In either or both s enarios, a method to propagate
the estimate of the belief and its un ertainty from point to point may be useful as the
hyperltering method

an propagate the estimate of the belief and its un ertainty be-

tween belief points and/or evaluate the nite set of possible poli ies in a poli y iteration
framework.
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6.3 Final Remarks
Hyperltering, a method for predi ting the evolution of a sto hasti

partially observed

Markov de ision pro esses forward to future stages, was presented.

Hyperltering is

a sequential method that estimates the probability fun tion over the belief forward
one stage to the next for a given poli y.

Be ause of

omputational issues as well as

the highly nonlinear belief transition probability fun tion, the hyper-parti le ltering
method was introdu ed to approximate the exa t hyperltering method.
Numerous simulations of the hyper-parti le ltering approximation method were
performed to verify its performan e over a variety of parameters. The results indi ated
that the method

onverges qui kly in both mean and standard deviation as the number

samples representing the probability fun tion over the belief spa e in reases. In fa t,
it appeared that very few hyper-parti les are needed, relative to the number of observations and iterations, to a hieve an a
simulations veried the
desired time-horizon,

n

urate analysis of the system. Additionally, the

omputational

omplexity as being

O(Knq),

where

K

is the

is the number samples representing the probability fun tion

over the belief spa e, and

q

is the number of samples representing a belief.

The hyperltering method itself is not a method to generate poli ies; its fun tion
is only to evaluate the ee t of a given poli y. However, one of the eventual goals is
to utilize hyperltering to generate a hybrid- ontrol/event-based te hnique to generate nearly optimal poli ies for sto hasti
bounded

problems with high dimensional

ontinuous nonsimple state spa es.

losed and

Another avenue of resear h is to in or-

porate the hyperltering method with limited-look-ahead planning methods like model
predi tive

ontrol.

The

urrent state of the art for these methods fail to generate a

method to represent the possibility over all unseen observations and instead employs
overly simplied te hniques to bound the error on the system.
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The hyperltering method was also

reated to be used to understand the value of

information when planning. Be ause of the ability to sequentially evaluate the evolution
of the system for future unseen observations, at ea h stage the impa t of an observation
an be evaluated and, thus, the role the observations have in evolution of a system
be analyzed dire tly.
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